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Short Equational Bases for Ortholattices:
Proofs and Countermodels

W. McCuné R. Padmanabhdn M. A. Rosé R. Veroff

Abstract

This document contains proofs and countermodels in support of the paper “Short Equational Bases for Or-
tholattices”, by the same set of authors. In that paper, short single axioms for ortholattices, orthomodular lattices,
and modular ortholattices are presented, all in terms of the Sheffer stroke. The ortholattice axiom is the shortest
possible. Other equational bases in terms of the Sheffer stroke and in terms of join, meet, and complement are
presented. Computers were used extensively to find candidates, reject candidates, and search for proofs that
candidates are single axioms.

1 Introduction

This report supports the (primary) paper “Short Equational Bases for Ortholattices” and the WeShuage
Equational Bases for Ortholattices: Web Suppf@}t The primary paper is essentially an extended abstract
intended for a wide audience, the Web page is intended for immediate support, and this report is intended for
archival support.

The overall structure of the three documents is similar, with the same section titles (even when the sections are
empty). The primary paper contains no proofs, countermodels, or filters. The Web page contains proofs, counter-
models, filters, and information on the software and methods used. This report contain the proofs, countermodels,
and filters.

2 Equational Bases

First we define a chain of varieties from lattices to Boolean algebra in terms of join, meet, and complement. Then
we go from ortholattices to Boolean algebra in terms of the Sheffer stroke.

2.1 In Terms of Join/Meet/Complement

This section contains multiequation bases, in terms of join, meet, and complement, for laijiceitHolattices

(OL), orthomodular lattices® M L), modular ortholatticesMOL), and Boolean algebra(4). This develop-

ment is not far from a standard development; and in the cases where it does depart, we prove the corresponding
theorems and other theorems that may be of interest. For example, our basis for lattice theory does not contain
commutativity, so we prove it; and we use a nonstandard modularity axiom, so we prove it equivalent (given

*Supported by the Mathematical, Information, and Computational Sciences Division subprogram of the Office of Advanced Scientific
Computing Research, Office of Science, U.S. Department of Energy, under Contract W-31-109-ENG-38.

TSupported by an operating grant from NSERC of Canada, grant #8215-02.
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lattice theory) to the standard axiom. Note that each of the bas&34pOML, MOL, andBA contains the
equationz A y = c(c(x) V ¢(y)), which allows us, if we wish, to rewrite the bases to be in terms of join and
complement only.

Also, with the exception of3.4, we prove independence of the bases by giving countermodels found by
Mace2. Many of the independence proofs are trivial, and we could give arguments without the help of Mace2, but
we have included the Mace2 countermodels to emphasize the “automatic” nature of the work.

2.1.1 Lattice Theory

The following is a 4-basis for lattice theorg) in terms of join (/) and meetA).

xV(yVvVz)=yV(xVvz) %AI
xAYANz)=yA(zAhz) %AM
zV(zAhy) == % B1
zA(zVy) == % B2

Note that this basis is self-dual; that is, the dual of each member is also a member.

A more standard basis for lattice theory is the 6-basis (also self-dual) consisting of B1, B2, and the commu-
tativity and associativity of meet and join. Deriving commutativity of join (or of meet) from the 4-basis above
shows that it is equivalent to the 6-basis. The following is an Otter proof of commutativity (idempotence is also
proved).

Proof LT1

1 AVB#BVA| $Ans(CJ) I}
2 AVA#A| $Ans(IJ) I
4 xV(yVz)=yV(zVz) 0
5 xAYAz)=yA(xA2) I}
6 zV(zhy) ==z I}
8 zAN(xVy) =z 1]
12 xV(yV(zAz)=yVz [6 — 4]
14 TN =2 [6 — 8]
18 rVr=uzx [8 — 6]
20 $Ans(1J) [18,2]
21 zAYANz)=yAx [14 — 5]
74 zV(yhz)==zx [21 — 6]
169 rVy=yVa [74 — 12]
170 $Ans(CJ) [169,1]

The following two Mace?2 jobs show independence of fné-basis{AJ, AM, B1, B2}.

Countermodel LTa

X"y 2=y (x" 2. % AM
Xv X"y =x % B1
X" (XVvy =x % B2

AvBvC)!=Bv (AvDO). % denial of AJ



Ar]0 1 vi|0o 1
C:0 B:0 Al 0|0 O 0j0 O
1/0 1 111 1
Table 1: LTa.out
Countermodel LTb
XVv(yvz)=yv XV 2. % AJ
X"y 2=y (x" 2. % AM
X" (Xvy = x % B2
Av (A~ B)!=A % denial of Bl
vi[0 1 ArlO0 1
B:0 Al 0/0 O 0/0 1
110 O 1|1 O

Table 2: LTb.out

2.1.2 Ortholattices

The following is a 5-basis for ortholattice®L) in terms of join {/), meet (\), and complement{.

xV(yVvz)=yV(zVz) %A

xV(zAhy) == % B1
x Ay =c(ce(z)Vc(y)) % DM
cle(z)) == % CC
xVelx)=yVc(y) % ONE

If we start with the lattice theory 4-basf#\J, AM, B1, B2} and restrict that to the ortholattices by addifigM,
CC, ONE}, then AM and B2 become dependent. The following are Otter proofs.

Proof OL1

1 rT=2a ll
2 xV(yVz)=yV(zVz2) I
6,5 x Ay =c(c(z) Vely)) (
8,7 cle(z)) =z ll
10 ANBAC)#BA(AANC) | $Ans(AM) I
11 (e(B) V (c(4) V €(C))) £ ee(A) v (e(B) V ¢(C))) | $Ans(AM) [10,6,6,8,6,6,8]
25 ) ¥ (e(B) VeC)) # el ) Y oB) V() | Sams(a) 2 11]
46 $Ans(AM [45,1]
Proof OL2

1 rT=2a ll
3 zV(zAhy) ==z ll
6,5 x Ay =c(c(z) Vely)) (
8,7 cle(z)) =2 I



10 AN(AV B)# A | $Ans(B2) I
A |

11 c(c(A) vV e(AV B) ) $Ans(B2) [10,6]
12 2V ec(z) Vely)) = [3:6]
33 z\/c(c()\/y)—x [7—12]
50,49 c(x) Velx Vy) = c(r) [7 — 33]
53 A# A | $Ans(B2) [11:50,8]
54 $Ans(B2) [63,1]

The following Mace2 jobs show that tiL 5-basis{AJ, B1, DM, CC, ONE is independent.

Countermodel OLa

x "y =x % Bl
x "y = c(ex) v cy). % DM
c(c(x)) = x. % CC
X Vv ceX) =y v cy). % ONE

AvBvC)!=Bv (AvC). % denial of AJ

/\:\012 \/:\012
] cc|0 1 2 0|0 0O O 0|0 0 O
co B0 Al 0 2 1 111 1 O 1112 1 0
2|12 0 2 2|12 0 2
Table 3: OLa.out
Countermodel OLb
XV({yvz)=yv(Xyv 2. % AJ
X Ty = clcx) v cy)). % DM
c(c(x)) = x. % CC
X Ve =y v cy). % ONE
Av (A~ B)!I=A % denial of B1
_ vi|o 1 A0 1
B:0 A1l 0'81 0/0 0 0/0 0
110 O 110 O

Table 4: OLb.out

Countermodel OLc

XV(yVvz=yv XV 2. % AJ

XVv X"y =X % Bl

c(c(x)) = x. % CC

XV ceXx) =y v cy). % ONE

A " B I= c(c(A) v c(B)). % denial of DM



clo 1 vi|o 1 A0 1
B:0 A:0 10 0|0 O 0j1 O
1/0 1 111 1
Table 5: OLc.out
Countermodel OLd
XVv(yvz)=yv XV 2). % AJ
XV X“Ty =x % B1
x Ty = c(c(x) v c(y)). % DM
XV c(x) =y v cy). % ONE
c(c(A)) '= A. % denial of CC
vi[0 1 2 AL]O 1 2
A O c|0 1 2 0/0 1 O 0|2 2 2
’ 1 2 1 111 1 1 112 1 2
2|0 1 2 2|12 2 2
Table 6: OLd.out
Countermodel OLe
XVv(yvz)=yv XV 2). % AJ
XV XxX“Ty =x % B1
X Ty = c(cx) v cy)). % DM
c(c(x)) = x. % CC
A v c(A) = B v c(B). % denial of ONE
vij]o 1 2 ALlO 1 2
) ) c.|0 1 2 0/0 0 O 0|0 1 2
B0 Al 2 1 0 1/0 1 1 171 1 2
2|0 1 2 212 2 2

Table 7: OLe.out

2.1.3 Orthomodular Lattices

The following is a 4-basis for orthomodular lattic&3.{1L) in terms of join {/), meet (\), and complement.

zV(yVz)=yV(zVz) % AJ
xV(zhy) == % B1
x Ay =c(c(x) Vely)) % DM

c
zV(c(z)AN(zVy)=xzVy %OM

If we add the orthomodular law OM to the ortholattice 5-b&gisl, B1, DM, CC, ONE, then CC and ONE
become dependent. The following is an Otter proof.

Proof OML1



7

© 0 U AN

10

12

17,16
21,20
27,26

32

34

36

44

67,66

76

84

91,90

92
115,114
119,118
120

127

143

153

170

203

232

239

245
268,267
354,353
411
642,641
646

1231

1243
1255,1254
1264,1263
1472,1471
1474
1482,1481
1485

1486

c(e(A)) #A | $Ans(CC)

AV ec(A)#BVe(B) | $Ans(ONE)
xV(yVz)=yV(zV2)
zV(zhy) ==z

2 Ay = e(ew) V e(y))
zV(c(z)AN(zVy)=zVy
xVelele(x)Ve(xVy)=xVy
xVele(x)Vely)) =x
xVe(e(x)) ==

zV (yVele(r))=yVa
zVele(x)Vy) =a
xV(yVele(x)Vz)=yVa
xVelyVe(lr)) =x
xVe(e(e(x))Ve(yVa)=yVa
c(x) Ve(x) = c(x)

cle(x)) Ve ==

elele(e(@) Vo =
cle(x))V(yva)=yVa
c(c(e(x))) = c(x)

c(e(x)) Vele(e(z)) Velx)) =
(ela)) V ely V e()) = efe(z)
cle(x)) ==z

$Ans(CC)

xV(yVx) x

xV y=yVax

cx)Ve=aV (yVc(x)
clavy)V@Vvy)=zV(yVec()

2V (yV (2 Vele Vy) =2V (yV o(a))

c(zVy)V(yVa)=yV(zVy)
zV(yVel)=yV(xVc(y))
zV(yVelx) =zVc(r)

x V(@) =yVc(y)

$Ans(ONE)

I
I
I
I
ll
I
[9.8]
[5:8]
[12 — 12]
[16 — 4]
[10 — 12]
[26 — 4]
[20 — 26]
[20 — 10,21]
[16 — 34]
[44 — 20,17]
[66 — 20,17]
[66 — 4]
[76 — 26,67]
[76 — 10,91,91,91,91,67]
[90 — 34]
[92:115]
[118,1]
[84:119]
[36:119]
[118 — 26]
[26 — 127,27]
[118 — 170]
[34 — 32]
[127 — 232]
[4 — 232]
[232 — 239]
[267 — 153]
[267 — 203,354]
[232 — 245]
[267 — 245,642,642,268,268,642]
[143 — 32]
[1231]
[153 — 1231,642]
[641 — 1231,1255]
[411— 1243,642,1264]
[646 — 1243,1472,642,1264]
[232 — 1243]
[1474,1482,1482]
[1485,2]

The following Mace2 jobs show that ti@M L 4-basis{AJ, B1, DM, OM} is independent.

Countermodel OMLa

X Vv
x

x "y =x %
y = c(c(x) v c(y)). % DM



XVviEeX " (xXxvy)=xvVvy. % OM
AvBvC!I=Bv (AvO. % denial of AJ

ool
- o|
R olo
R ol

P~ o|
[oNelNe]
o ol

) A: ] O
co BO A1 -© 8 é 0[0
1|0
Table 8: OMLa.out
Countermodel OMLb
XVv({yvz=yv XV 2. % AJ
X Ty = c(c(x) v c(y)). % DM
XVEeX " xXvy)=xVvy. % OM
Av (A~ B)!=A % denial of B1
_ vi|o 1
B0 Al O 8 (l) 0/0 0
10 O
Table 9: OMLb.out
Countermodel OMLc
XV(yvVvz=yv(Xyv 2. % AJ
XVv X"y =X % B1
XVvEeX " (xXvy)=xvVvy. % OM
A " B !I= c(c(A) v c(B)). % denial of DM
) vi|0 1
B0 Al O 8 (1) 0/0 0
1/0 1

Table 10: OMLc.out

Countermodel OMLd

~ ol
= =ll=)
PR e

XVv(yvz=yv XV 2. % AJ
XV X"y =x % B1
X Ty = c(cx) v cy)). % DM
Av (c(A) " (Av B) I=AvB. % denial of OM
vi|0 1
B0 A1 S 21 o‘oo
110 1

Table 11: OMLd.out

~ ol
R RO
[EEN RN (N



2.1.4 Modular Ortholattices

The following is a 6-basis for modular ortholatticest(D.£) in terms of join {/), meet (\), and complement.

xV(yVvz)=yV(zVz) % AJ
zV(xAy) =x % B1
x Ay = c(c(z) Vc(y)) % DM
cle(z)) == % CC
xVelx)=yVc(y) % ONE

xV(yA@Vvz)=zV(zA(zVy)) %MOD

This basis is simply our ortholattice 5-basis plus the modularity law MOD. The following Otter proof shows that
the orthomodular law OM holds M OL.

Proof MOL1

3 xV(zAhy) == 1

6,5 xMJ—C( (z) Ve(y)) I

8.7 c(elz)) = i

9 zVe(r)=yVc(y) I

10 2V (A V) =2V (5 A (@ V) 0

11 xVelely) Vel Vz)=aVele(z)Ve(zVy)) [10,6,6]
12 AV (c(A)AN(AVB))#£ AV B | $4Ans(OM) I

13 AV c(AVc(AV B))# AV B | $4Ans(OM) [12,6,8]
14 xVele(x)Vely)) =x [3:6]

18 cx)Ve=yVc(y) [7—9]

19 xVe(x)=cly)Vy [18]

40,39 xVelely) Vy) == [19 — 14]
50 xVe(xVelxVy)=xVy [19 — 11,40,8,8]
52 $Ans(OM) [50,13]

A more common modularity law is
ViyA(@Vz)=(xVy A(xVz) %MOD2

The following are Otter proofs that MOD and MOD2 are equivalent in lattice theory.

Proof ML1

2 xV(yVz)=yV(zVz) 0
3 a:/\(y/\z)—y/\(a:/\z) I
4 V(rny) = i
7,6 :v/\(:v\/y)—x 1]
8 xV(yA@Vz)=zV(zA(zVy)) I
9 Av(BMAvC));é(AvB)/\(AvC) | $Ans(MOD?2) I
10 (AVB)AN(AVC)# AV (BA(AV(O)) | $4Ans(MOD2) [9]
13 J:V(y\/(:r/\z)) yVao [4— 2]
15 TANz==zx [4 — 6]
17 zA(yV(zVz) ==z [2 — 6]
20,19 rVax==zx [6 — 4]
21 cAyAz)=yAzx [15— 3]
23 cAYAN(xVz)=yAx [6 — 3]



31 zV({(zVy Vy) =zVy

36,35 xA(yvVe) ==z

47 xV(yAz)=x

59 (@AyV2)) AV EAYVD))=cA(yVz)

64,63 (zVy)Vy=axVy

71 zV(xVy =xVy

81 (Vy)ANy=y

302 xV(yVEAlyVae))=yVe

311,310 (VY A(xVyAz)=aV(yAz)

356 TANy=yAz

367 s AYANz)=(xA2) Ny

369 (AVCYN(AVB)# AV (BA(AVC)) | $4Ans(MOD2)
2164 ((evy)A(xVz)A(zV(zA@VY))=(xVy AV =)
22222221 (xAy)Az=zA(yA2)

2260,2259 (zVy)A(zV(zA(xzVy))=(@Vy A(zV=z)

4218 (@Vy)AN(xVz)=xV(zA(zVy))

4219 $Ans(MOD2)

Proof ML2

xV y/\(a:\/z)) (xVy AzV2)

10,9 (xVy)A(xVvz)=aV(yA(zVz)

11 AV(BANAVC)#AV(CAN(AVB)) |

12 AV(CAN(AVB))#AV(BAN(AV(C)) | 34
19 zA(yV(zVz) ==z

21 rVr=ux

25 cAYA(xVz2)=yAx

37 zA(yvVe) =z

363 TANy=yAzx

375 xV(yA@Vz)=zV(zA(zVy))

376 $Ans(MOD)

[2 — 19]

[19 — 17]

[19 — 8,7,20]
[8 — 35]

[35— 47]
[31:64]

[35 — 21,36]

[8 — 13]

[13 — 81]

[35 — 23]

[3 — 356]

[356 — 10]
[71— 59]

[356 — 367]
[2164:2222,311]
[302 — 81,2260]
[4218,369]

[l

I

I

I

]

[8]

I

[11]

[2 — 6]
[6 — 4]
[6 — 3]
[21 — 19]
[37 — 25]
[9 — 363,10]
[375,12]

The following Mace2 jobs show that thetO L 6-basis{AJ, B1, DM, CC, ONE, MOD is independent.

Countermodel MOLa

XV X"y =X

x "y = c(ex) v cy).

cc(®) = x.

X Vv ceX) =y v cy).

XV " Xvz)=xVv(z" XVYy).
AvBvCI=Bv AvCO.

% Bl

% DM

% CC

% ONE
% MOD

% denial of AJ



A \ 0 1 2 Vi \ 0 1 2
] c:./|0 1 2 0|0 O O 0|0 O O
c:0 B:0 Al 0 2 1 111 1 O 111 1 O
212 0 2 212 0 2
Table 12: MOLa.out
Countermodel MOLb
XV(yvz=yv(Xyv 2. % AJ
X Ty = c(cx) v cy)). % DM
c(c(x)) = x % CC
X Vv cx) =y v cy) % ONE
XV " xXvz)=xv(z"XVYy). % MOD
AvA~B)I=A % denial of B1
vi|o 1 A0 1
B0 A1 -° 8 1 0/0 0 0/0 0
1/0 O 1/0 O
Table 13: MOLb.out
Countermodel MOLc
XV({yvz=yv XV 2 % Al
XVv X~y =x % B1
c(c(x)) = x % CC
XV cx) =y v cy). % ONE
XV " Xvz2)=xv(z"(XVYy). % MOD
A " B != c(c(A) v c(B)). % denial of DM
vi|o 1 A0 1
B0 A0 -° 2 é 0/0 0 01 1
110 1 1(1 1
Table 14: MOLc.out
Countermodel MOLd
XVv(yvz=yv XV 2. % AJ
XV XTy =x % B1
X Ty = c(cx) v cy)). % DM
XV c(x) =y v cy). % ONE
XV " (xXvz)=xvi(z" (XVvy). % MOD
c(c(A)) '= A. % denial of CC
vi[o 1 2 A0 1 2
A O c.|0 1 2 0|0 1 O 0|2 2 2
’ 1 2 1 1/1 1 1 112 1 2
2|0 1 2 212 2 2

Table 15: MOLd.out

10



Countermodel MOLe

XV(yvz=yv(Xxyv 2. % AJ
X V (x Ty) =X % Bl
X Ty = c(c(x) v c(y)). % DM
C@®)=x % CC
XV (xXvz)=xvVv(Zz"  xvy)). % MOD
A v c(A) = B v c(B). % denial of ONE
vi[0o 1 2 ALlO 1 2
) c.|0 1 2 0|0 O O 0|0 1 2
B:0 Al 2 1 0 10 1 1 111 1 2
2|0 1 2 2|12 2 2
Table 16: MOLe.out
Countermodel MOLf
XV(Vz)=yv XV 2. % AJ
X V (x “y) = x % B1
X Ty = c(cx) v cy)). % DM
C@M)=x % CC
X VvV c(x) = y v c(y). % ONE
X v e = 1. % ONEa
c(l) = 0. % DEF_0

AvB“ AVvC)!I=Av(C" " (AvB) % denial of MOD

c|0 1 4 5

C:2 B:3 A4 10 3 2 5 4
vi|]0O 1 2 3 4 5 A0 1 2 3 4 5
0j0 1 2 3 4 5 0,0 0 0 0 0 O
11 1 1 1 1 1 110 1 2 3 4 5
212 1 2 1 1 5 2/0 2 2 0 0 2
3/!3 1.1 3 3 1 3]0 3 0 3 4 O
414 1 1 3 4 1 4/0 4 0 4 4 O
5/ 1 5 1 1 5 5/0 5 2 0 0 5

Table 17: MOLf.out

2.1.5 Boolean Algebra

The following is a 4-basis for Boolean algebiaA) in terms of join {/), meet (\), and complement].
xV(yVvVz)=yV(xVvz) %AI
Ay =c(c(z)Vely) %DM
)

zVe(r)=yVecly % ONE
(xVely)A(zVy) = % CUT

The following are proofs of distributivity, modularity, CC, and B1 from #Bd 4-basis.

11



Proof BA1

~NPD WN

10,9
12,11
13

14

15
17,16
18

20

21

22

24
27,26
29,28
30

32

34

36

38

39
41,40
42
45,44
46

48

50

52
55,54
58

59
63,62
64

66

70

72
85,84
90

94

98
105
127
130
137
141
161,160
163,162
174
178
182

xV(yVvVz)=yV(zVz2)

z Ay = c(c(x) Ve(y))

cle(x) Vely)) =z Ay

(2 Ve) A (2 Vy) =
zVe(x)=1

c¢(1)=0
AN(BVC)#£(AANB)V(ANC) | $Ans(DISTI)
xV(yVizVvu)=zV(zV(yVu))
xV(yV(izVvu)=yV(zV(xVu))
1vo=1

zV(yVe(x)=yVl1
xV1=1V(zVO0)
1vV(zv0)=zVvl1

xAe(x)=0

(clx) Vely)) V(e Ay) =1
1AN0=0

(c(x) Ve(y)) Az Ay) =0
zV(AV(yv0)=yV(zVl)
xV(yv1l)=yV(1V(xV0)
(xVO)A(zV]) ==z
(zV(yAz) Az V(e(y)Ve(z) =
IN(zVa)==x
(zvVOA(QV(zV0) ==z
(Ive)Anl=
(xVele(x)Al==x
(zVelyv2))AyV(zVz)) =z

OV (zAy)) =1A(c(z)Vey))
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I
I
(3]
I
0
I
I
[2—2]
(14]
[11— 9]
[9— 2]
[16 — 2]
[20]
[11— 4]
[4— 4]
[11— 4]
[4 — 4]
[9 — 4,12]
[4— 9]
[11 — 30]
[4 — 30]
[20 — 2]
(38]
[11— 7]
[4—17]
[9—7]
[20 — 7,12]
[16 — 7]
[9—T7]
[2—7]
[2 — 44]
[21— 2]
(58]
[11— 22]
[4 — 22]
[22 — 7]
[22 — 9]
[62 — 7]
[4 — 26]
[26 — 9]
[9 — 14]
[2 — 14]
[14 — 7]
[15 — 44]
[15— 7]
[26 — 18]
[4 — 18]
[40 — 24]
[34 — 24,161,63,12,10]
[62 — 70,45]
[44 — 70]
[174 — 40]



185,184
191
196,195
197
199
200
201
202
205
210
212
226
234
240
250
255
258
260
263,262
278
287,286
306
312,311
314
322
325
334
376
380
388
390
392
399,398
422
424
440
444
448
466
500
505
520
561,560
580
582
584
618
631,630
643
658
662
665
669
683
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OV(IAl)Vvli=1Vv1
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OV(zVe(OV(OV0))=aVvl
OVe((zv0O)V(zVv0))V(rvl)=1V1
1A (c(xVO)Ve(lV(zV0)))=c0Vuz)
c(OVz)=1A(0Ve(zVa))
IANOVe(zVa))=c0Vz)
(zVAAY) AV (zVe(y)) =
(A1) Ve(OV1)Vo=1

(1AL Ve(OV1) =1
clxv0)=0Ve(xVa)Al
(OVe(xVaz)Al=c(zVO0)

(2 v ((c(y) v e(2) A D) A (y A 2) V (2 0)) =2
(A )V 0) A ((ez) V e(y)) A T) = 0
(IAl)VedVv(OVv0o) =1
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[174 — 21]
[182:185,45]
[26 — 28]
[48 — 28,161,17,12,12]
[44 — 28,12]
[40 — 28]
[199]
[200]
[28 — 9]
[191— 7]
[191— 2]
[50 — 90,161]
[26 — 32]
[40 — 32]
[2 — 178]
[178 — 14]
[178 — 2]
[255]
[210— 90,161,63,163]
[46 — 28]
[90 — 212,12]
[38 — 7]
[262 — 46,263,45]
[311— 46,312,45]
[2 — 39]
[322]
[39 — 7]
[44 — 42,12]
[191 — 42,12,12]
[26 — 42]
[18 — 42]
[2— 42]
[380— 70]
[62 — 52]
[26 — 52]
[178 — 52]
[38 — 52]
[14 — 52]
[44 — 390,12]
[14 — 54]
[398 — 46,399,45]
[505— 2]
[178 — 59]
[46 — 64]
[44 — 64,12]
[582]
[2 — 66]
[62 — 240]
[240— 46,63,631,45,63]
[44 — 84,12]
[658]
[84 — 52]
[84 — 30]
[20 — 643]



685
688,687
703,702
710

732
755,754
772

778

788
791,790
792

794

806
811,810
814

840

860

862
866,865
925,924
1073,1072
1187

1211

1229
1232,1231
1294,1293
1296,1295
1318
1325,1324
1327

1440
1589,1588
1624

1683
1704,1703
1705

1755

1762

1867

1877

1911

2367

2369
2378,2377
2396
2403,2402
2462,2461
2463
2468,2467
2479
2484,2483
2485

2532

2564

IANOV((IAT)VI) =1
(IAl)vi=(0v1)V1
1IA1=0V1

(OVI)Ve(lVv(0V0)) =
(xVOVL)AOV(zV0)) =

Al

IAn(OV1)=1
OV(zv(OVvl)=zVvl1
ovovi) =1
(zVOVL)A(zV(0V0)) =
c(Ov0)=0V1

(Iv(ovi)Aa(Ovl =1
cle(z)v(Ov1)=zA(0VO0)
ov(v(vo)=1
ovVOV(zvl)=zVl1

OV V(zAy) =(0V0)A(c(z)Ve(y))
OvV(AV(zv(0V0))) =2Vl
oviov(lv(zv0))=zVv1
a:\/l—O\/(O\/(l\/(a:\/O)))

OVAVI)AOVL) =1
1V (OV0)V1=(0Vv1)V1
LAQOVe((zVy)V(zVy))) = C(w vV (0Vy))

OV (xVvl)
(fc\/c’(y\/(
V(zV1)

)/\(Ov(m\/O))
zVe )))A(ZV(yvl))=
(0 ) A (v (0V0)) =
0Ve((0Vv0o)V(0V0)) = (1\/1)/\1
(c((OVO)VO)Ve(OVI)VI=0V(1V])
(Iv)Al)vi=0Vv(1V])
clxv1)=c(0V 0V (1V(xVv0))))
oOvVOv(@AVv(zv0)=1V(zV0)
V1)=¢(1V(xV0))
0OvVOo)vO)Vve(OV1)=(1VI)Al
V() v0)=xzA(0Ve(lV])
1Ae(zVz))Ve)=0
xVz)Ve)vo=1
clyVy) vy vl =zv(1Vv1)
x)Ve=1
ANe(yVy))V(zVy)
z))V(yva)=yVl1

OV (zVelyVvy)) ==
JVO)AL) A ((y ALV (2 V0)) =
0)V(zvl)=0V(zV1l)

YV (@AOVe(y)) =1
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[643 — 52]
[643 — 18]
[685:688,55]
[683:703]
[422:703]
[314:703]
[212:703]
[191:703]
[72:703]
[62:703]
[702 — 390,12]
[702 — 28,12,12]
[20 — 778]
[778 — 15]
[790 — 28]
[806 — 15]
[39 — 772]
[860]
[39 — 792,17]
[710— 18]
[2 — 582]
[2 — 732]
[18 — 105]
[2 — 788]
[178 — 788,561]
[240 — 840,287]
[178 — 840,1232]
[860 — 582,1073]
[20 — 862]
[1318:1325]
[240 — 1229,287,1294,811,287]
[20 — 199]
[7 — 201,161,791,10]
[1624— 9]
[1683 — 325]
[1683— 1187,1704,866]
[1705— 2]
[1755]
[2 — 376]
[26 — 424]
[520 — 94]
[11 — 205]
[44 — 205,12]
[2369— 18]
[2369— 2]
[20 — 2377]
[226 — 325,791,10]
[226 — 1187,791,10,2462,866,791,10]
[2463— 1762,791,755]
[2463 — 1187,2468,866]
[2479— 390,12]
[2479— 618]
[20 — 2483]
[2369— 2485,2378,2484]



2583
2605
2613
3123
3344
3353,3352
3541
3895
3924,3923
3928
3964
4033
4112,4111
4204
4218,4217
4219
4228
4300,4299
4437,4436
4474
4554
4567,4566
4590,4589
4878
4884
4945,4944
4948
4976
4982
5310,5309
5347
5358,5357
5406,5405
5424,5423
5440,5439
5448
5456,5455
5466,5465
5476,5475
5499
5504,5503
5531
5535
5652,5651
5838,5837
5840,5839
5842,5841
5862,5861
5874,5873
5913,5912
5948
5966
6031,6030
6053,6052

/\c(z))\/(l/\:r):l
(ov

1A (zV
OV (z V)
(xv(Ovz)Vvi=zVvl
1A (e(0) V (c(0) V1)) =c(0)
IA(TV(OVO)V((OVv1)Vl)=1V(0VO0)
(c(0)v1)Vv1i=c(0)V1

ov(lvl) =1
1vli=0vVvl1
(

(

—~

0Ve(Vv1))Ve(OVl)Ve() =

0ve(OV1))V c(O\/l))/\l—O/\l
c(x)Vv0)=xzA0Ve0V1))

0)\/0)\/0(0\/1):(0\/1)/\1
V1)=zA(((0Vc(0V1)A0)VDO0)

xVz)V(Ive)=0Vv1

1=1¢(0)
=0A(0VcV1))

c V1

0OA(OVe(V1)=c0VI1)

ovi=1

OVO)Al=0
(OA(OVO0)VO)AL=0A1
1v(0Vvo)=

0A(OV0)=0

c(0)=1
OVe(zva)v(lve)=1

cle(x) V1) =z A (((0V0)AD)VO)

c((OVO)vVo)vo=1
c(1v(c(x) vV 0)) =z A(0V0)

1vi=1

c(1V (z Ay)) = (0V0) A (c(x) Ve(y))
A((OVO)AD)VO)=zA(0VO0)

(OA
(O/\
(1v
c((0
(c(z
ov

0
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(

ov<r\
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S

(e
N

)
(
)

c
0
A

c(0V0)=1

INnl=1

(zvz)Vz)Al=zxVz

ON1=0

(c(x)v1)=x2A(0VO)
(xv(OAz)ANl==x

((()\/O)A(C( z) Vc(y)) = 0 A (e(x) V e(y))

c(1V(zAy)) =0A (c(z)Vc(y)
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[2564 — 7]
[2532— 84,27,1589]
[2532 — 32,1589]
[26 — 392]
[2369 — 334,2403,55]
[3344— 141]
[1295— 1911,1296,811]
[7 — 2367,161,791,10]
[3895— 1762,791,755]
[3895— 1187,3924,866]
[584 — 3928,161,791,10,45]
[44 — 3964]
[3964 — 2396,2378]
[2 — 4033]
[4033— 130]
[4033— 105]
[4033 — 2396,2378]
[4204— 2396,2378]
[94 — 4217]
[806 — 4219,925]
[18 — 4228]
[4228 — 127,4218]
[3541:4567,4300]
[2613:4590]
[2605:4590]
[1588:4590]
[1440:4590]
[197:4590]
[258 — 4589]
[4554 — 54,4437]
[4554 — 1327,5310,5310,4945]
[4554 — 810,5310,10,5310,5310]
[5347:5358]
[4878:5406,5358,3353]

[2583:5358,5424,5358,5424,703,5424,12,5358,5424]

[4884:5424,12,5424,12]

[4474:5424,4590,5424,925,5424,4590,5424,703,5424]

[5405:5424,12,5424,12]
[5357:5424]
[4982:5424]

[4976:5424,12]
[4948:5424,12,5424,703,5424]
[4944:5424,12]
[4589:5424]
[814:5424]
[794:5424,5504]
[790:5424]
[702:5424]
[466:5424]
[5448:5466,5440]
[5503:5840]
[5475— 390,5652]
[5475— 28,5838]
[5837:6031]



6257,6256
6383,6382
6391,6390
6437,6436
6499,6498
6638
6782
6784
7014
7283

7345
7391
7679
7693
7743
7808,7807

7824
7920
7949,7948
8055
8075,8074
8136
8141,8140
8152
8207
8250
8260
8288
8349
8353,8352
8359
8565,8564
8727,8726
8779
8821
8851
8877
8893
9085
9089
9110,9109
9199
9221
9225
9228,9227
9380,9379
9397
9495
9516,9515
9518,9517
9616,9615
10144

1A (c(zV
Ovo=0
cle(x) V1) =z A0

c(1V(c(x)V0)) =z A0
OV(zVv0)=2V0
IA(xzV0)Ve(zVv0)=1
c(I1V((xA0)V0) =1V (c(x)V0)AD
1IV(xA0)A(c(z)Vv1)=1

OV ({((zA1)V(zA0)Az)VI=2zV1
IN(zA)V(zA0)=1Ax

(0AZ))V0)=c(0V )

[5966 — 64,12]
[5531— 278,12,5842,5456,12,17,5874]

[5948:6383]

[5535:6383]

[6382— 2]

[6498 — 3964]

[6436 — 6436]

[6436— 444,5652]

[5499 — 94,161,27,6391,5652]

[278 — 580,6383,5476,6383,17,12,17,6437,161,6383,5476,5424,12,17]

(IA(e(x)VO)V(zAl)=1

(VI A(zV((0A(c(y) V1)V (yA0D))) =
cOVz)Ve=1

c(zVO)V(zv0)=1

(IAz)Ve(x)=1

(zVz)ANl==zx

[278 — 6638,6383,5476,6383,17,12,17]
[6784— 42,6053,5476,6391]
[5966 — 7345,6257]
[6498 — 7679]
[160 — 7679,6383,5476,5424,12,17]

[7679— 1867,161,6383,5476,5424,12,17,45,5424,161,6383,5476,5424,12,17,45]

(OVe(xva)vVi=clOV(yVa)V
clxvO)v(zvl) =1
(Ovz)vli=zVl1
clavae)V1i=¢c0V(yVa))V
((x A1)V (zA0)) A
xrVz)Vi=xVl1
1hnz)vVi=zV1
zAz)V1i=zV1
A(c(zVvz)Vv0)Vve=1
c(xvO0)=(clxvVz)VO)AL
(c(xVa)VO)Al=c(zV0)
xVe(xVe)=1

(yVv1)

(yv1)
x)Vli=zvl

(
(
(1A
(
(1

[7679— 260]
[7679— 59,5652,6499]

[7679— 2396,2378,161,6383,5476,5424,12,17,4112]

[7824:7949]
[7014:7949]
[4228:7949]
[4111:7949]
[2377:7949]
[7807 — 7345]
[7807 — 84,12]
[8250]

[44 — 7743]

x A (c(z) Ve(x V1)) =0[8288— 200,12,161,27,6391,85,196,5476,41,7808,161,27,6391,8075]

IA(@V((@Vy) V((@Vy) Vy)))=zVy
IN(zV(zVza)=2z
(ac\/l) (xvl) =2Vl

Ae(y) Ve(y V1) =z A(c(y)Ve(y))
A(c(x) Ve(z)) =0

x\/ (xV(zve)=1
(()v1)/\((x/\0)v(x/\0)):0
(x A1)V (e(z) v 0) =

E )V (yvO)))A(yvl)=

z A1
zVe(e(z VO
A1)V (() )

(z) V(zV1) =

c(x\/l)\/lzc(x\/O)\/l
cOva)Vv(zvl) =1

xV(c(z)vl) =1

(xV(zAO)Al=2

clxvO)V1i=c(z)Vv1

(xA0)VI=2V1

(2 V ey V (v (cl) VI)) A (yV (V1)) = 2
1A (c(zV(xA0)VO)=c(0Va)
1V({(zA0)V0)=zV1
c(xv1)=(1V(e(x)V0)AO
(1V(c(c(x)) vVO) AO=2 A0

(2V (g A @V (@ v ) A (efy) V1) =
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[8288 — 448]
[8288 — 52]
[8136— 500,8353]
[8152— 202,85,7808,29]
[8349:8727]
(8359 7743]
[6390— 8779,6391]
[278 — 7693,6383,5476,6383,17,12,17]
[7693— 448]
[278 — 7920,6383,5476,6383,17,12,17]
[8152— 7920,85,7808]
[7920— 1762,8565,8141]
[7948 — 9089]
[2 — 9089]
[9089— 306,6437]
[9089— 1762,8565,8141,9110]
[9221— 1762,8565,6391,8141]
[9221— 130]
[9225 — 64,12]
[20 — 9379]
[6782:9516]
[6390:9518]
(8821 — 392]



10354 xV1=(yAl)V(cly)V(xV0))
10383 (A1) V(e(z)V(yVv0)=yV1
10605 (xAl)V1i=zV1
10676,10675 ¢(z V) V1 = e(z) V 1

(

10714,10713¢(0V (z V 1)) V.
12015,12014 ¢(z) vV 1 = 1
12035,12034zVv1=1
12056 VAV (@Vva)Al==x
12059,12058 (z VO) Al ==

12067,12066x A0 =0

12073,120721 A (2 V 0) =

12098 (xV(yAx)Al==x

12162 (x A1)V (e(z)V(yV0)) =

12288 (x Vc(e(xv0O)V (y\/O)))/\ =z

12490 (xVe(yV(zVe(@)) Al =

12518 (c(x) VO)V (yV (z A1) =

12524 clxVa)=clzVo0)

12566 (xVey)A((yA1)V(zVv0)) =

12607 c(xV0)=c(0Vx)

12629 rANl=1Azx

12680 clxve)Ve=1

12761 INz=2AN1

12927,12926 ¢(z V (y A 2)) = (e(z V 0) VO) A (c(y) V ¢(2))
12032 e((x A1)V y) = (e(z) v 0) A (cly V 0) V 0)
12958 (c(x) VO) A (c (y VO)VO0)=c((zAl)Vy)
12967 2V e(z Vo) =

13050 1/\(:v\/c((0\/c((x\/y) V(zVy)))Vy)) =
13191 (:E\/(:C\/CL‘))/\lZZL‘

13197 OvV(xV(zVvz)Al=x

13253 (xV(yAL)A(xV(0Vely))) ==

13479 @V (((zVely)VeVvely) Ay)Al=z
13483 @v({(yADVEyAD))A(c(y) V)ALl ==z
13491 (x Ve(e ((m\/y)\/(w\/y))\/(z\/y)))/\l:x
13644,13643 z A (c(ac) 0)=

13707 (x Vv (x A ))/\1 =z

13751 (c(x vV O)VO)A (c(y) Ve(x)) =c(x Vv 0)
13761 V(OVe((zVy)Vv0)Vy =1

13959 c(0Ve(r)=aA1

14074,14073 (0V ) Al = z
14119,14118z V (x V &) =
14142,14141x N1 ==z

14146,141452 V (y A z) =
14148,141471 ANz ==z

14152,141510V x =z

14182,14181 ¢(c(x)) = =

14228,14227x VvV ==z

14255 zVele(xVy)V(zVy)) =z
14258,14257x V0 ==z

14259 eV ((zVely)Ay) ==
14279 (zVy) A(zVe(ly) =2
14292,14291 c(x V y) = c(x) A c(y)
14293 (zVely)ANlyVz)==z
14295 ( )V (yver) =1

14299 V(e(y) Ale(z) Ax)) ==
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[13197:14074]
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[13959:14152,14142]
[13707:14142,14142]
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14309 zV(zAhce(y) ==

14319 zV(c(z)Vy) =1

14349 (xV(cy) AN2))AN(yV(xVe(z) =z
14351 (@V(cy)Ve)AN(yAz)Va)=x
14353 (xVy)Alely) Vo) =x

14361 (xVe(y)Vic(z)ny) =1
14366,14365 c(z A y) = c(x) V c(y)

14369 xV ((c(z)ANe(y)) Vy) =1
14373 c(z) A (c(y) Ve(x)) = c(x)
14431 zV({(zVy ANely) ==

14464 zV ((zVy) A(c(z)Ac(y)) ==
14527 xV(yVe)=yVa

14562 xV(yVz)=zV(yVz)

14563 xV(yVz)=yV(zVa)

14565 xVy=yVz

14598 zV(yV(zAz)=yVe
14601,14600 (z Ay) Vy =y

14737 (clx)Vy)AlyVa)=y

14741 (c(x)Vely)AN(yAz)=0
14829 zV((yN(zVz)Vz)=zVz
14857 c(@) AN ((yAelx))Ve)=yAc(x)
14863 (xVy Ve(y) =1

14867 zV(zAy) ==z

14880,14879 (x Ay)Vz = x

14907 xV(yV(@Az)=yVa

14965 (c(x)Vy)vae =1

15141 (c(x)Vy)V(zVa)=

15281 zV ((c(y) V) y) ==

15300 xV ((c(z) Ay) Ve(y) =1
15332 (xVy) AyVelx) =y

15549 c(@) A (zV (c(z) ANy)) =c(z) Ay
15745 ((xvVy)Aely)) Ve =x

16074 (c(z)Vy)V(zVz)=

16201 xV(yA(ez)ANx)) ==

16851 xV(yA(zAz) ==z

16855 (ANYAN2)Vz=2z
16911,16910 (z Ay) V (y V 2) = y V

17134 zV((xAcy)Nz) ==

17188 (xAy)V(xVz)=aVz

17368 zV({(zAy)ANz) =z

17488 c(x)V(((xAe(y)Vy) Ax) =1
17608 ((xAecy)Vy) Ve =(xAc(y)) Vy
17694 zA(c(y)Ve)==x

17732 zA(yVe) ==z

17784 (xAY)ANy=z Ay

18416,18415(zVy)Vz=yV (z V 2)
18569,18568 (x A c(y)) Vy=yVa

18926
18940
18943
18987
19019

cx)V((yve)rnz) =1
c(z) Nz Vy) =y Ac(z)
zAe(y) =cly) A(yVa)
xV(yAcelx)=xzVy
zA(c(z)Vy) =yAx

19036,19035 (¢(z) Vy) ANz =y Az

19045

zAy=yA(c(y) V)
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[12288:14258,14258,14292,14182,14142]

[12162:14142,14258]
[3123:14258,14142]

[665:14142,14258]

[424:14142,14258]

[234:14142,14258]

[84:14258,14142]
[13761:14258,14292,14152]
[13751:14258,14258,14258]

[13050:14228,14292,14152,14292,14366,14182,14182,14148]
[14255:14292,14292,14366,14182,14182,14292]

[14227— 2]
[14257— 98,14258]
[14257— 15,14258]
[14257— 2,14258]
[14145— 2]
[14145— 14565]
[14565— 7]
[14565— 36]
[2 — 14600]
[14600— 7]
[14565— 14295]
[14181— 14309]
[14565— 14867]
[14867— 2]
[14565— 14319]
[14965— 2,12035]
[14565— 14250]
[14259— 14863,14366,14292,14182]
[14565— 14279]
[14879— 14293]
[14565— 14431]
[14565— 15141]
[14181— 14299]
[14181— 16201]
[14565— 16851]
[14737— 16855]
[16074— 14349,14292,14182,14142]
[16074— 14351,14182,14148,14182]
[14181— 17134]
[15745— 14361,14366,14292,14182,14182]
[14369— 15281,14182,14148,14182]
[14181— 14373,14182,14182]
[14181— 17694]
[14145 17732]
[14565— 14562]
[17608:18416,14880]
[17488:18569]
[14857:18569]
[18940]
[17784— 18568,18569]
[18568— 15332,14182,14146,14182]
[18568— 14293,14182,14146,14182]
[19019]



19085 (xVy)ANy=y

19111 (xVy)Ahex=x

19120,19119z A (yA(zAx)) =y A (z Ax)
19255 c(x)V(yAx)=clx)Vy

19297 zA(yVelx)=yAx
19301,19300 (z V c(y)) Ay =y A (x V c(y))
19322 xAy=yA(zVc(y))

19355 zV(yn(zVely))) ==

19590 (c(x)N(zVy))Ve=zVy

19634 (xA(c(z)Vy)Vy=y

19852 (@AY V(yA(c(y)Ve))=xAy
20391,20390 (z V (y Az))A(zVz) =2V (yAz)
20402 (xV(yAce(z)ANz=zA(zVc(z))
20556 (xV(cy)A2)ANy=yA(xVc(y))
20672 VvV ((zAy)Ve(y) =(@Ay)Vely)
20674 ((xAy)Vely) he=x

20678 (@A (yVe(@)Vel@)Ahy=y
20707,20706z V (c(z) Ay) =z Vy

20713,20712c(z) A (z Vy) = c(x) ANy

20718 (c(x) N\yyVx=axVy
20720 zAe(y) =cly) ANz
20740 rANy=yAzx

20742,20741c(z) A (y V) =c(z) ANy
20768,20767x A (yVe(z)) =z Ay
20770,20769z A (c(z) Vy) =z Ay
20775 ((zAy)Vel(z)ANy=y

20778,20777 (z V (c(y) A2)) Ay =y A
20780,20779 (z V (y Ae(2)Az=zAx

20783 (xAy)V(yAhz)=x Ay
20960,20959 (z Ve(y)) Ay =y Az

21072 (:r/\y) (yhz)=yAzx

21087 V(lynx)Vely) =y Az)Vely)
21465 21464:Uv((y/\x) Z)=xVz
21469,21468 (x Ay) Ve(z) =y V e(x)
21588,21587x V ((x Ay)Vz) =z V 2
21594,21593 (z A y) V c(y) = = V ¢(y)

22207 (xAcly)V(cAy) =z

22209 (clz)hNy)V(yAhz)=y

22240 (xAe(y)Vynz)=x

22267 (xAy)V(ynelx)) =y

22271 (xAy)V(c(y) Na) ==z

22394 (zAy)V(c(z)Ny) =y

22462 eV ((zVy AN(zAcly)) ==
23045,23044 (z ANy)V (yAz)Vz)=(yAzx)Vz
23048 xV(yAz)=(zAy)Va

23273 Ay V((yrhz)ANz)=x Ay
23304,23303 (z V (yVe(z) A (zVa)=(yAz) Ve
23439,23438 ((c(z) Ny)Vz) ANz =z Az

24841 zAYA(xzVe(z)=yAx

25350 V(lyva)A(zAcly)) ==
26809, 268081‘ ANyAn(zVz)=yAx

26840 (xAyY)AN(zAz)=2A(xNY)
26851 zAYAN(zVe)=yAx

26869 s A((zVy) ANz)=x Az

[18926— 14353,14601,14142]
[18568— 19085]
[16851— 19085]
[14181— 18987]
[14565— 19019]
[14527 — 19019]
[19297]
[14259:19301]
[19045— 18568,14182]
[19045— 14879]
[18568— 19355,14182,14182]
[14598 — 17732]
[14598— 19035,19301]
[14907— 19035,19301]
[15300— 19634,14142,14182,14182]
[15300— 19035,14148,14182]
[19322— 20674]
[14279— 20674,14292,14182,20391]
[15549:20707]
[19590:20713]
[18943:20713]
[14181— 20720,14182]
[19322— 20720,14182]
[19322— 20740]
[19045— 20740]
[20678:20768]
[20556:20768]
[20402:20768]
[19852:20770]
[20740— 20767]
[14741— 20775,14292,14182,14182,14152]
[20775— 14879]
[2 — 16910]
[21087:21465]
[2 — 17188]
[20672:21588]
[20769— 19255,14292,14182,14292,14182,14880]
[20767— 19255,14292,14182,14292,14182,14601]
[20740— 22207]
[14181— 22209]
[14565— 22209]
[20740— 22267]
[14181— 14464]
[20783— 18415]
[20783— 14563,23045]
[21072— 17368]
[21464— 14293,18416,21594]
[21587— 19035,19036]
[18568— 20777,23439,14366,14182]
[14565— 22462]
[14181— 24841]
[22271— 26808]
[14907— 26808]
[20959— 26808,14292,20778]



26872 (xA(yVz)ANy=zAy

26983,26982 (x A (y V 2)) Ve(y) = x V e(y)

27026 cA((yVz)Az)=z Nz

27096 xV(yA(zVe(r))=zVy

27140 (xA(yVz))Ve(z)=2Vc(z)

2717827177 (x ANy) AN (yANz) = (x Ay) Az

27266 (xvy)Az)Ne(x))V(eAz)=(xVy) Az
2734227341 (x ANy) Az=x A (y A 2)

27373 ((xVy)ANzAc(@))V(eAz)=(xVy Az
27452 /\(y/\z)*y/\(z/\x)

27776 YVyAAz)=xAy

28022,28021

(xVy)Az)Vely) =2Vely)
28503,28502 (2 V

y)A(zAc(x) =y A (2 Aclz))

(A
(o
28505 (xAyAc(2)V(zAYy)=(=Vr)Ay
28507 (xVy)hz= (YA (zAc(x)V(xAz)
28888 ((zVely)Nz)Vy=yV z
28890 (zA(yVelz)Vz=2zVa
30272,30271 (z A (y A (zVe(w))) Vu=uV (z Ay)
30647 (xA(yVz)Vz=(xAy Vz
32813 (xVely)ANyV(@A(zVy)))=zA(zVy)
33040 E:c/\(x/\ 2)VeAy)=xzA((xAy)V2)
AN

(zAy)V
33573,33572 (yvz)Vy=yV(zAz)
( z

[17784— 26808,26809]
[26808— 21468,21594]
[20959— 26851,14292,20780]
[26851— 20718,18569]
[26851— 21468,21594]
[22394— 26869]
[26869— 22240]
[22271— 26872,27178]
[27266:27342]
[26840:27342,19120]
[23273:27342]
[27026— 21468,21469]
[25350— 14293,28022,20960]
[27373:28503]
[28505]
[23048— 27096]
[14565— 27096]
[27452— 28888]
[14829— 14293,18416,26983,23304]
[27140— 14353,14182]
[19111— 27776]
[28890— 30647,30272]

33587,33586 (z A (y Ac(2))V(zAy) =(xAy)V(zAy) [22240— 30647]
33624,33623z V (yA(zVz))=(yAz) Ve [14565— 30647]
33638,33637z A ((x Ay)Vz)=(xAy)V(xAz) [33040:33573]
33646,33645 (2 Vy) Az = (yA2)V (z Az) [28507:33587]
33672 A (YV2)=(xAy)V(zAz) [32813:33624,33646,20742,33638,16911]
33674 $Ans(DIST1) [33672,13]
Proof BA2

2 zV(yVz)=yV(rVz) I
3 2 Ay = cle(z) V e(y)) 0
4 cle(x) Vely) =z Ay [3]
7 (zVe)A(zvy) =z I
10,9 xVe(r)=1 I
12,11 (1) =0 0
13 AV (BA(AVC))#AV(CA(AV B)) | $Ans(MOD) I
14 AV(CAN(AVB))#AV(BA(AVC)) | $Ans(MOD) [13]
15 xV(yVizVu)=zV(zV(yVu)) [2—2]
16 xV(yV(izVu)=yV(zV(zVu)) [15]
18,17 1vo=1 [11— 9]
19 zV(yVe(x)=yVl1 [9— 2]
21 xV1=1V(zV0) [17 — 2]
22 1vV(zv0)=zVvl1 [21]
23 c(0Ve(r)=1Ax [11 — 4]
25 c((z Ay) Ve(z)) = (c(z) Vely) Az [4—4]
28,27 cle(r)vO)=ax A1 [11 — 4]
30,29 cle(x) V(yNnz)=aA(cly)Vc(z)) [4 — 4]
31 xAe(z)=0 [9 —4,12]
33 (c(@)Ve) Vizny) =1 [4 — 9]
35 1A0=0 [11— 31]

20



37

39

40
42,41
43
46,45
47

49

51

53
56,55
59

60
64,63
65

67

71

73
86,85
91

95

99

106

128

131

138

142
162,161
164,163
175

179

183
186,185
192
197,196
198

200

201

202

203

206

211

213

227

235

241

251

256

259

261
264,263
279
288,287
307

(c(x) Ve() A(zny) =0
xV(AV(yVv0)=yV(xVvl)
xV(yv1)=yv(1V(xVvO0))
(xVO)A(zV1) =

21

[4 — 31]
[21— 2]
[39]
11— 7]
[4—T7]
[9—T7]
[21— 7,12]
[17 — 7]
[9—7]
[2—7]
[2 — 45]
[22 — 2]
[59]
[11 — 23]
[4 — 23]
[23— 7]
[23 — 9]
[63 — 7]
[4 — 27]
[27 — 9]
[9 — 15]
[2 — 15]
[15— 7]
[16 — 45]
[16 — 7]
[27 — 19]
[4 — 19]
[41 — 25]
[35 — 25,162,64,12,10]
[63 — 71,46]
[45 — 71]
[175— 41]
[175— 22]
[183:186,46]
[27 — 29]
[49 — 29,162,18,12,12]
[45 — 29,12]
[41 — 29]
[200]
[201]
[29 — 9]
[192 — 7]
[192 — 2]
[51 — 91,162]
[27 — 33]
[41 — 33]
[2— 179]
[179 — 15]
[179— 2]
[256]
[211 — 91,162,64,164]
[47 — 29]
[91 — 213,12]
[39 — 7]



313,312
315

323

326

335

377

381

389

391

393
400,399
423

425

441

445

449

467

501

506

521
562,561
581

583

585

619
632,631
644

659

663

666

670

684

686
689,688
704,703
711

733
756,755
773

779

789
792,791
793

795

807
812,811
815

841

861

863
867,866
926,925
1074,1073
1188

(IA(1IAL)VO=1

IN1IAL) =1
xV(yv1l)=zV(1V(yVvO0))
xV(IV(yvo)=zV(yVvl)
(xVe(yVI)A(yV IV (zV0)) =z
(x\/y)A(xV)(;JVC(yVy)))Zx

YAV (V1) =1
)AGVEYEVe) =

<
o
<
<
/t:z\
<
£e

—
>
—~
jen}
<
o
—~
&
<
&
~
I
8

o —~
—
>
—_
~—
<
o
—~
o

1A1) Vel
IANOV((IAT)V]) =
(IAl)vi=(0v1)V1
1IA1=0V1
(Ov1)ve(dv(ovo)) =1
(@VOVI)AOV(zV0)=2a

IA(OV1)=1
OV(zv(OVvl))=zVvl1
ovovi) =1
(VOVI))A(zV(0V0) =2z
c(Ov0)=0Vv1

(Ivovi)a(Ovl)=1
cle(z)v(Ov1)=zA(0VO0)
ov(lvovo)=1
ovOV(zvl))=zVvl1

OV V(zAy) =(0V0)A(c(z)Vely))
OvV(Iv(zv(Ov0))=zVvl
Ov(Ov(lv(zv0))=zVvl
xV1=0Vv(0V(1V(zV0)))
ov@avi)yaOvly =1
(Iv(vo)yvi=(0Ovivi
IANOVe((zVy)V(zVy))) =clzV(0Vy))
OV@EVI)AOV(zV0) ==z
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[263 — 47,264,46]
[312 — 47,313,46]
[2 — 40]
[323]
[40 — 7]
[45 — 43,12]
[192 — 43,12,12]
[27 — 43]
[19 — 43]
[2 — 43]
[381— 71]
[63 — 53]
[27 — 53]
[179 — 53]
[39 — 53]
[15 — 53]
[45 — 391,12]
[15 — 55]
[399 — 47,400,46]
[506 — 2]
[179 — 60]
[47 — 65]
[45 — 65,12]
[583]
[2 — 67]
[63 — 241]
[241 — 47,64,632,46,64]
[45 — 85,12]
[659]
[85 — 53]
[85 — 31]
[21 — 644]
[644 — 53]
[644 — 19]
[686:689,56]
[684:704]
[423:704]
[315:704]
[213:704]
[192:704]
[73:704]
[63:704]
[703— 391,12]
[703 — 29,12,12]
[21 — 779]
[779 — 16]
[791— 29]
[807 — 16]
[40 — 773]
[861]
[40 — 793,18]
[711— 19]
[2 — 583]
[2 — 733]



1212
1230
1233,1232
1295,1294
1297,1296
1319
1326,1325
1328
1441
1590,1589
1625
1684
1705,1704
1706
1756
1763
1868
1878
1912
2368
2370
2379,2378
2397
2404,2403
2463,2462
2464
2469,2468
2480
2485,2484
2486
2533
2565
2584
2606
2614
3124
3345
3354,3353
3542
3896
3925,3924
3929
3965
4034
4113,4112
4205
4219,4218
4220
4229
4301,4300
4438,4437
4475
4555
4568,4567

@V elyV (= V(@) A =V (V1) =
OV(evD)A(zVv(0V0) =2

0V e((0VO0)V(0V0) =(1VI)Al
(c((OVO)VO)Ve(OVI)VI=0V(1V])
(Iv)Al)vi=0Vv(1V])
clxv1)=¢(0VOV(1V(xVv0))))
oOviOv(@Av(zv0)=1V(zVv0)
clxVv1)=c(lV(xV0))
c((OVOo)vVOo)Ve(OV1)=(1VI1)Al
c(1V (c(x)v0)=axzA(0Ve(lV])
c((IANe(xVa)Ve)=0
(AAclzva)vVe)vo=1
zV({(IAc(yVy)Vy)vl)=aVv(1V1)
(Ihc(zva)Vvae=1
xV1=0QAclyVy))V(zVy)
(IAnclzva)V(yve)=yV1

(@Vy) AV (@VelyVy))) ==

(@ V ((c(y) VO) A Ay ALV (2 V0)) =
OV (OV0)V(eVvl)=0V(zVvl)
(c(x) V(LAY V(@A (0Ve(y)) =
OV(zAz)Ve(r)=1
OV(zAz))Vi=zV1
OV(xAz)V(yVe(z)=yV1
IvV({(OV(zAz)V0)=zV1
zV(((LAe(0)VO)VI)=zV(1V1)
(IAc0)vo=1

(1Ac(0)VvI=1V1

1Ac(0) =1

(c(0) V1I)A(0V1)=c(0)
(xVI)AOV(zVc(c(0)) =

(1V (c(0)VO0))A(0V1)=c(0)

0V (c(0) A c(0)) = ¢(0)

(0V e(c(0) Ae(0))) Ae(0) =0
(OA(OVe(lVvI)Ve(OVI)AL=0A1
(OA(OVe(1VI))Ve(0Vl)Ve) =
@V (cy) VO) A2) A (ALY 2V e(2))) = o
OV((zvV1)A(zVvl)=2aVl1
(cfxv1)Ve(xv])V(zvl)=0Vv1
(ov(ovo)vovavl)=1vil
(IAc(z)V(IAz)VO=1
(AAc(z)vV(IAz)Vvi=1Vv1
(IAc(z))v(lnz) =
(IAz)Ve(OVa)=1
xVelV(zVvz)=1
(IAz)vli=(0Vva)V1
xVe(xV(0Ve)) =
INOV(zV(zVer))) ==z
IN(zV(@ev(0Vve))) ==z

OV(zvez)Vli=zVvl1
(xv(Ovz)Vvi=zVvl1

1A (e(0) V (c(0) V1)) =c(0)
IA(TV(OVO)V((OVv1)Vl)=1V(0VO0)
(c(0)v1)V1i=c(0)V1

ov(lvl) =1
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[19 — 106]
[2 — 789]
[179 — 789,562]
[241 — 841,288]
[179 — 841,1233]
[861 — 583,1074]
[21 — 863]
[1319:1326]
[241 — 1230,288,1295,812,288]
[21 — 200]
[7 — 202,162,792,10]
[1625— 9]
[1684 — 326]
[1684— 1188,1705,867]
[1706— 2]
[1756]
[2 — 377]
[27 — 425]
[521 — 95]
[11 — 206]
[45 — 206,12]
[2370— 19]
[2370— 2]
[21 — 2378]
[227 — 326,792,10]
[227 — 1188,792,10,2463,867,792,10]
[2464 — 1763,792,756]
[2464— 1188,2469,867]
[2480— 391,12]
[2480— 619]
[21 — 2484]
[2370— 2486,2379,2485]
[2565— 7]
[2533— 85,28,1590]
[2533— 33,1590]
[27 — 393]
[2370— 335,2404,56]
[3345— 142]
[1296— 1912,1297,812]
[7 — 2368,162,792,10]
[3896 — 1763,792,756]
[3896 — 1188,3925,867]
[585 — 3929,162,792,10,46]
[45 — 3965]
[3965— 2397,2379]
[2 — 4034]
[4034— 131]
[4034 — 106]
[4034— 2397,2379]
[4205— 2397,2379]
[95 — 4218]
[807 — 4220,926]
[19 — 4229]
[4229— 128,4219]



4591,4590 1v1=0V1 [3542:4568,4301]

4879 (OA(OVe(OV1))Ve(Vl))Ve()= [2614:4591]
4885 (0A(0V e(0V 1))V (ov MAL= 0/\1 [2606:4591]
4946,4945  ¢(1V (c(z) vV 0)) =z A (0V c(0V 1)) [1589:4501]
4949 c((0OVO0)VO) VeV =(0VI)AL [1441:4501]
4977 cle(x) V1) =z A(((0Ve(0V1)A0)VO) [198:4591]
4983 OVe(zva)v(Avz)=0Vv1 [259 — 4590]
5311,5310 ¢(0) V1 = ¢(0) [4555 — 55,4438]
5348 e(e(0)) = 0 A (0V ¢(0V 1)) [4555 — 1328,5311,5311,4946]
5359,5358 ¢(0)=0V1 [4555— 811,5311,10,5311,5311]
5407,5406 0A (0V c(0V 1)) =c(0V 1) [5348:5359]
5425,5424 0v1=1 [4879:5407,5359,3354]
5441,5440 (0VO0)A1=0 [2584:5359,5425,5359,5425,704,5425,12,5359,5425]
5449 (0OA(OVO)VO)ALT=0AT [4885:5425,12,5425,12]
5457,5456 1v(0v0)=1 [4475:5425,4591,5425,926,5425,4591,5425,704,5425]
5467,5466 O0A(0V0)=0 [5406:5425,12,5425,12]
5477,5476 ¢(0) =1 [5358:5425]
5500 OVe(zva)Vv(lve)=1 [4983:5425]
5505,5504 c(c(z) V1) =z A (((0V0) A0)V0) [4977:5425,12]
5532 ((0V0)VO)VO=1 [4949:5425,12,5425,704,5425]
5536 e(1V (c(z) V0)) =z A (0V0) [4945:5425,12]
5653,5652 1v1=1 [4590:5425]
5839,5838 c(1V (zAy))=(0V0)A (c(z)Vc(y)) [815:5425]
5841,5840 x A (((0V0) A0)V0) =z A (0V0) [795:5425,5505]
5843,5842 ¢(0Vv0)=1 [791:5425]
5863,5862 1A1=1 [703:5425]
58755874 ((zVz)Va)Al=zVaz [467:5425]
5914,5913 0A1=0 [5449:5467,5441]
5949 (c(z) V1) =z A(0V0) [5504:5841]
5967 (xV(OAZ)ANl==zx [5476 — 391,5653]
6032,6031 (0V0)A (c(z)Ve(y) =0A (c(z) Vc(y)) [5476 — 29,5839]
6054,6053 c(1V (zAy)) =0A (c(z)Vc(y)) [5838:6032]
6258,6257 1A (c(zV (0AZ))V0)=c(0Vz) [5967 — 65,12]
6384,6383 0Vv0=0 [5532— 279,12,5843,5457,12,18,5875]

6392,6391 c(c(z) V1) =z A0 [5949:6384]
6438,6437 c(1V (c(z)V0)) =2 A0 [5536:6384]
6500,6499 0V (zV0)=2zVO0 [6383— 2]
6639 (IA(zV0)Ve(xVv0)=1 [6499 — 3965]
6783 c(IV((xA0)V0)) =1V (c(x)V0)AD [6437 — 6437]
6785 AV (@A) A(c(z)V1)=1 [6437 — 445,5653]
7015 OV ({(zAD) V(@A) AZ)VI=2V1 [5500— 95,162,28,6392,5653]
7284 IN(zAD)V(zA0)=1Ax

[279 — 581,6384,5477,6384,18,12,18,6438,162,6384,5477,5425,12,18]
7346 (IA(c(z)VO)V(zAnl)=1 [279 — 6639,6384,5477,6384,18,12,18]
7392 (VD A(xV((O0A(c(y) V1)V (yA0D))) ==z [6785— 43,6054,5477,6392]
7680 c0vrz)ve=1 [5967 — 7346,6258]
7694 c(xvVO)V(zV0)=1 [6499 — 7680]
7744 (IAz)Ve(z)=1 [161— 7680,6384,5477,5425,12,18]

7809,7808 (zVa)Al==x
[7680— 1868,162,6384,5477,5425,12,18,46,5425,162,6384,5477,5425,12,18,46]

7825 (OVe(xva)Vi=clOV(yVvVa)V(yVvl) [7680— 261]
7921 claVO)V (zV1) =1 [7680 — 60,5653,6500]
7950,7949 (OVvz)vli=aVvl [7680— 2397,2379,162,6384,5477,5425,12,18,4113]
8056 clxve)V1i=clOV(yVva)V(yVvl) [7825:7950]
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8076,8075 (((zA1)V(zA0)Az)VI=zV1 [7015:7950]
8137 (zVz)vli=zV1 [4229:7950]
8142,8141 (1Az)V1=zV1 [4112:7950]
8153 (zAz)V1i=zV1 [2378:7950]
8208 (1A (c(zVz)VO) Ve =1 [7808 — 7346]
8251 c(zV0) = (c(zVz)VO)Al [7808— 85,12]
8261 (c(xVa)VO)Al=c(zVD0) [8251]
8289 xVe(lxVe)=1 [45 — 7744]
8350 x A (c(z) Ve(x V1)) =0[8289— 201,12,162,28,6392,86,197,5477,42,7809,162,28,6392,8076]
8354,8353 1A (zV(zVy)V(aVy)Vy)) =zVy [8289 — 449]
8360 IN(zV(zVe)==1 [8289— 53]
8566,8565 (x V)V (V1) =2Vl [8137— 501,8354]
8728,8727 Ae(y) VelyVvl)=zA(e(y)Ve(y)) [8153— 203,86,7809,30]
8780 A(e(x)Ve(r) =0 [8350:8728]
8822 x \/ clxVv(zve))=1 [8360— 7744]
8852 (c(z) V1) A ((z AO) V (m AO)) =0 [6391— 8780,6392]
8878 (z A1)V (e(z) V0) = [279 — 7694,6384,5477,6384,18,12,18]
8894 (xVele(zVvO)V(yV O))) AyVvl) = [7694 — 449]
9086 (z A1)V ( () V. ) [279 — 7921,6384,5477,6384,18,12,18]
9090 )V (zV1) = [8153— 7921,86,7809]
9111,9110 ¢(z V1) V1= c(:c Vo) V1 [7921— 1763,8566,8142]
9200 c(OVz)V(zVvl) =1 [7949— 9090]
9222 zV(c(x)vl) =1 [2 — 9090]
9226 (xV(xA0)Al==x [9090— 307,6438]
9229,9228 ¢(xVO0)V1=c(z)V1 [9090 — 1763,8566,8142,9111]
9381,9380 (zA0)V1i=aVl1 [9222 — 1763,8566,6392,8142]
9398 (xVelyV(zVc) VD)) A(yVv(zvl) = [9222 — 131]
9496 1A (c(zV(xA0)VO)=c(0Va) [9226 — 65,12]

9517,9516 1V ((zxA0)V0)=zV1
9519,9518 c¢(z V1) =(1V (c(x)V0)AD
9617,9616 (1V (c(c(z))V0) A0 =2 A0

10145 (@VyAN@V(@Vva)A(cy) V1) ==
10355 xV1=(yAl)V(e(y)V(xV0))

10384 (A1) V(e(z)V(yVv0)=yV1

10606 (xAl)V1i=zV1

10677,10676c(z V) V1 =c(z)V1
10715,10714¢(0V (zVy))V(z V1) =c(y) V1
12016,12015¢(z) V 1 = 1
12036,12035zv1=1

12057 VAV (@Vv))Al==x
12060,12059 (z VO) Al ==z

12068,12067 2z A0 =10

12074,120731 A (z V 0) = «

12099 (xVyAx)Al==z

12163 (x A1)V (e(z)V (yV0)) =

12289 (x Vc(e(xv0O)V (y\/O)))/\
12491 (xVe(yV(zVe(@))) Al =
12519 (c(x) VO)V (yV (z A1) =
12525 c(zVz)=clzV0)

12567 (xVey)AN((yA1)V(xzVv0)) =
12608 c(xV0)=c(0Vzx)

12630 cANl=1Azx

12681 clxve)Ve=1

12762 INz=2AN1
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[10355]
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12928,12927 ¢(z V (y A 2)) = ( (zV0)VO0)A (e(y) Ve(z))

[12059— 196]

12933 c((x A1) Vy) = (c(x) VO) A (c(y VO) V0) [12059— 196,12]
12959 (c(z) VO) A (c(y VO)VO0)=c((x A1) Vy) [12933]
12968 2V e(zV0) = [12073— 7744]
13051 IA(zVe((0V c((m Vy)V(zVy))Vy)) = [441 — 12630]
13192 (zV(zVz)Al==x [8360— 12762]
13198 OV(zV(zV :1:))) Nl=x [4218— 12762]
13254 (xV(yAL)A(xV(0Vely))) == [12762— 67]
13480 2V (((zVely)VeVvely) Ay)Al=z [12681— 393]
13484 v{(yADVyAD)A(c(y) V)ALl ==z [12681— 389,12036]
13492 (xVele((zvy)VevVy))V(zVy))Al=x [12681— 449,12036]
13645,13644 z A (c(z) V0) =0 [12968— 670,5863,12060]
13708 (zV(EA)Al==x [12762— 12099]
13752 (c(z V 0) V 0) A (c(y) V e(z)) = e(z V 0) [12099— 85,12928,12,12060]
13762 zV((OVe((zVy) V0)Vy =1 [12525— 251]
13960 c(0Ve(@) =2z Al [200 — 12608,6384,5477,12036]
14075,14074 (0OVa) ANl == [12608— 27,28,12060]
14120,14119zV (x V) = [13198:14075]
14143,14142x N1 ==z [13192:14120]
14147,14146z V (yANz) = x [12057:14120,14143]
14149,141481 Az ==z [8360:14120]
14153,141520Vz == [4218:14120,14149]
14183,14182 ¢(c(z)) = « [13960:14153,14143]
14229,14228x VvV ==z [13708:14143,14143]
14256 zVele(zVy) V(2 Vy)) = [13492:14229,14143]
14259,14258x V0 =z [13484:14143,14143,14229,13645,14143]
14260 2V ((zVely) Ay) =z [13480:14229,14143]
14280 (xVy)A(zVely)) =a [13254:14143,14153]
14293,14292 ¢(x V y) = ¢(x) A c(y) [12959:14259,14259,14259,14143]
14294 (xVey)ANlyVe)=x [12567:14143,14259]
14296 c(x)V (yVa)=1 [12519:14259,14143]
14300 2V (c(y) A (e(z) Az)) = a [12491:14293,14293,14183,14143]
14310 xV(zAhely) == [12289:14259,14259,14293,14183,14143]
14320 2V (c(z)Vy) =1 [12163:14143,14259]
14350 (xV(cy) AN2)A(yV(xVe(z) = [3124:14259,14143]
14352 (@ V (cly) V() A (Y A2) V) =z [666:14143,14259]
14354 (V) A(cly) V) =2 [425:14143,14259]
14362 (@ Vey) V (e(z) Ay) = 1 [235:14143,14259]
14367,14366 c(xz A y) = c(x) V c(y) [85:14259,14143]
14370 xV ((c(z)Ae(y)) Vy) =1 [13762:14259,14293,14153]
14374 c(x) A (c(y) Ve(x)) = c(x) [13752:14259,14259,14259]
14432 zV((xVy) Aely)) == [13051:14229,14293,14153,14293,14367,14183,14183,14149]
14465 2V ((z Vy) A (elz) Acly) =z [14256:14293,14293,14367,14183,14183,14293]
14528 xV(yVe)=yVa [14228— 2]
14563 xV(yVz)=zV(yVz) [14258— 99,14259]
14564 xV(yVz)=yV(zVa) [14258— 16,14259]
14566 eVy=y\Va [14258— 2,14259]
14600,14599z V (y V (z Az)) =y Vz [14146— 2]
14602,14601 (z A y) Vy =y [14146— 14566]
14738 AV(CAN(BVA)£AV(BANAVC)) | $Ans(MOD) [14566— 14]
14739 (c(x)Vy)A(yVa)=y [14566— 7]
14743 ( (@) Vely) Ay Az) =0 [14566— 37]
14831 V{(yAn(zVz)Vz)=zVz [2 — 14601]
14859 ( YA ((yAe(x) Va)=yAc(z) [14601— 7]
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14865 (xVy)Ve(y) =1
14869 zV(xAy) =z
14882,14881 (z Ay)Vz =x

14909 zV(@yV(@Az)=yVe
14967 (c(x)Vy)va =1

15143 ( (x)Vy)V(zvz)=1

15283 V((cly) Va)hy) =

15302 V ((c(z) Ay) v ely)) =

15334 (x VYA (yVelx) =y

15551 c(@) A (zV (c(z) ANy)) =c(z) Ay
15747 ((xvVy)Aely)) Ve =x

16076 (c(x)Vy)V(zVvz) =1

16203 xV(yA(ez)ANx)) ==

16853 xV(yA(zAz) ==z

16857 (ANYAN2)Vz=z
16913,16912 (x Ay) V (yV z) =y V z

17136 VvV ((zAcly)Nz)==z

17190 (xAy)V(xVz)=aVz
17370 zV((xAy)Az)==

17490 c)V(((zAcly)Vy) Ax) =1
17610 ((xAecy)Vy) Ve =(xAc(y)) Vy
17696 zA(c(y)Va)=c

17734 zA(yvVe) ==z

17786 (xAyY)ANy=x Ay

18418,18417 (zVy)Vz=yV (z V 2)
18571,18570 (z A c(y)) Vy = y V =

18928 cx)V((yvae)rnz)=1
18942 c(@) AN (zVy) =yAc(z)
18945 xAely) =cly) A (yVez)
18989 xV(yAelx)=xzVy
19021 zA(c(z)Vy) =yAx

19038,19037 (c(z) Vy) Nz =y Az

19047 xANy=yA(c(y)Vz)

19087 (xVy)Ay=y

19113 (xVy)hNex==x

19122,19121z A (y A (z A x)) =y A (z A )
19257 c(x)V(yAx)=clx)V

19299 zA(yVelx)=yAx
19303,19302 (ac Vely) ANy=yA (zVc(y))
19324 ANy=yA(zVc(y)

19357 Vyn(zVely)) ==

19592 (() (xVy)Ve=zVy

19636 (24 (c(x) V) Vy =y

19852 Ay V(yA(c(y)Vz))=xAy
20391,20390 (z V (yAz))A(zVz)=xV (yAz)
20402 (xV(yNe(z)Az=zA(zVc(2))
20556 (2V(c(y) A2) Ay=yA (V)
20672 zV ((zAy)Ve(y) =(@Ay)Vely)
20674 (xAy)Vely) ANz =x

20678 (A (yVel@))Vel@)Ay=y

(
20707,20706x V (c(z) ANy) =z Vy
20713,20712c(z) A (x Vy) = c(z) ANy
20718 (c(x)N\yyVx=axVy
20720 zAcly) =cly) Nz
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[18942]
[17786— 18570,18571]
[18570— 15334,14183,14147,14183]
[18570— 14294,14183,14147,14183]
[19021]
[18928— 14354,14602,14143]
[18570— 19087]
[16853— 19087]
[14182— 18989]
[14566— 19021]
[14528 — 19021]
[19299]
[14260:19303]
[19047— 18570,14183]
[19047 — 14881]
[18570— 19357,14183,14183]
[14599 17734]
[14599— 19037,19303]
[14909— 19037,19303]
[15302— 19636,14143,14183,14183]
[15302— 19037,14149,14183]
[19324— 20674]
[14280— 20674,14293,14183,20391]
[15551:20707]
[19592:20713]
[18945:20713]



20740 TANYy=yAzx
20742,20741c(z) A (yV ) =c(z) ANy
20768,20767x A (y Ve(x)) =z Ay
20770,20769z A (c(z) Vy) =z Ay

(x

[14182— 20720,14183]
[19324— 20720,14183]
[19324— 20740]
[19047 — 20740]

20775 (Ay)Ve@) Ay =y [20678:20768]
20778,20777 (z V (c(y) A 2)) Ay =y Az [20556:20768]
20780,20779 (z V (y Ac(z))Az=zAx [20402:20768]
20783 (xAy)V(yAhz)=xzAy [19852:20770]
20960,20959 (z V c(y)) Ay = y Az [20740— 20767]
21072 (m AYAN(yANx)=yAx [14743— 20775,14293,14183,14183,14153]
21087 V({ynz)Vely) = (yAz)Vc(y) [20775— 14881]
21465, 21464:1: V{(yrz)Vz)=zVz [2 — 16912]
21469,21468 (x Ay) Vc(z) =y V e(x) [21087:21465]
21588,21587x V ((x Ay)Vz) =z V 2 [2 — 17190]
21594,21593 (z A y) V c(y) = z V e(y) [20672:21588]
22207 (@Acy)V(zAy) =2 [20769— 19257,14293,14183,14293,14183,14882]
22209 (c(x)Ay)V (yAz) =y [20767— 19257,14293,14183,14293,14183,14602]
22240 (xAe(y)V(ynz)=x [20740— 22207]
22267 (xAy)V(ynce(z)) =y [14182— 22209]
22271 (xAy)V(cly) ANz)=x [14566— 22209]
22394 (@AY V (c(z)Ay) =y [20740— 22267]
22462 zV((@xVy A(zAc(y)) =z [14182— 14465]
23045,23044 (z ANy)V ((yAz)Vz)=(yAzx)Vz [20783— 18417]
23048 xV(yAz)=(zAy)Ve [20783— 14564,23045]
23056 (xANy)Vz=zV(yAzx) [23048]
23273 @AYV ((yAzZ)Az) =2 Ay [21072— 17370]
23304,23303 (2 V (y V c(2))) A (2 Vz) = (y A2) Vo [21464— 14294,18418,21594]
23439,23438 ((c(x) Ny)Vz) ANz =z Az [21587— 19037,19038]
24842 e AYAN(xVe(z)=yAx [18570— 20777,23439,14367,14183]
25351 V(yVe)A(zAcely))) == [14566— 22462]
26810, 26809 zAYAN(xVz2)=yAx [14182— 24842]
26841 @AY ANEzAZ)=2AN(xAY) [22271— 26809]
26852 zAYAN(zVe)=yAx [14909— 26809]
26870 x A (($ Vy)Az)=x Az [20959— 26809,14293,20778]
26873 (A (yV2)ANy=xAy [17786— 26809,26810]
26984,26983 (x Ay V) Vely) =2 Vely) [26809— 21468,21594]
27027 AyVa)Az) =z Az [20959— 26852,14293,20780]
27097 x \/ (yA(zVe(x)=xVy [26852— 20718,18571]
27141 (xA(yVz)Ve(z) =z Ve(z) [26852— 21468,21594]
2717927178 (z ANy) A (yAz) = (x Ay) Az [22394— 26870]
27267 ((xvy)A2z)Ae(z))V(eAz)=(xVy) Az [26870— 22240]
2734327342 (z Ay) Az =z A (y A 2) [22271— 26873,27179]
27374 ((eVy) ANzAc@)V(eAz)=(xVy Az [27267:27343]
27453 xA(YyAz)=yA(zAx) [26841:27343,19122]
27777 (xAyY)VyA(@A2)=xAy [23273:27343]
28023,28022 ((x Vy) A 2) Ve(y) = 2 V e(y) [27027— 21468,21469]
28504,28503 (z V ) A (2 A c(z)) = y A (2 A c(@)) [25351— 14294,28023,20960]
28506 (@ANyANe(z)VzAYy)=(zVz)Ay [27374:28504]
28508 (xVy)Az=(yA(zAc(x))V(zA2) [28506]
28889 ((xVely)ANz)Vy=yVz [23048— 27097]
28891 (xA(yVe(z)Vz=2zVa [14566— 27097]
30251,30250 (z A (y A (2 V e(w)) Vau = uV (z Ay) [27453— 28889
30648 (@A(V2))Ve=(zAy)Vz [14831— 14294,18418,26984,23304]
32819 (xVey)ANyVeA(zVy))=xA(zVy) [27141— 14354,14183]
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33046 (A ((zAy
33567,33566 (z A (y V z)
33581,33580 (x A (y A ¢

)V2)V(zAy) =z A((@Ay)Vz)
JVy=yV(zA2)

D))V (zAy)=(@Ay)V(zAy)
33618,33617zV (y A (2Vz))=(yAz) Ve
33632,33631z A ((x Ay)Vz)=(xAy)V(xAz)
33641,33640 (x Vy)Az=(yAz)V(zAz)
33668,33667x A (yVz)=(xAy)V(zAz)

33669 (CAB)VA#AV(BAC) | $Ans(MOD)
33670 $Ans(MOD)

Proof BA3

1 AV (AANB)#A | $Ans(B1)

2 c(c(A)) £ A | $Ans(CC)

4 xV(yVz)=yV(zV2)

5 2Ny = ele(z) V e(y))

6 lela) v ely) = Ay

9 (Ve)A(zvy) =z

12,11 zVela) =1

14,13 (1) =0

15 zV(yV(zVvu)=2zV(zV(yVu))
16 zV(yV(zVu)=yV(zV(zVu))
18,17 1vo=1

19 xV(yVelx)=yVl1

21 2V1=1V(zV0)

22 1V(zV0) =z V1

23 cOVe(x)=1Azx

25 e((z A y) V e(2)) = (c(x) V e(y)) A 2
28,27 cle(x)v0)=x A1

29 e(ela) v (y A 2)) = 2 A (ey) V e(2))
31 zAc(z) =0

34,33 (c(x)Vely)V(ieny) =1

35 1N0=0

39 VAV (yVv0)=yV(xVvl)

40 xV(yv1l)=yV(1V(xVv0)

42,41 (zVO)A(x V1)

13 (v (5 A2) A2V (ey) Ve(=) =
46,45 IN(zVa)==x

47 (xVO)AQV(zV0)) =

49 (1ve(0)Al=1

52,51 (zVele(x)ANl=x

53 (xVelyVz)AN(yV(zVz)=c
56,55 IN(zV((zVy) Vy)=xVy

59 xV(yv1)=1V(zV(yVvO0))

60 1V(Vv(yvo)=zV(yVvl)

62 xV(yVvAVv(zv0))=2zV(zV(yV1)
64 xV(yV(zVelx))=yV(zV1l)

68 zV(yV(zVu)=2V(@yV(zVu))
70 xV(yV(zvl)=yV(zV(1V(zV0)))
74 IAN(zV((yV(evz)V(yVvze))=yV(xVz)
76 (xVelyV(zVu)A@EV(eV(yVu)) =
83,82 c(0vV0)=1A1

29

[19113— 27777]

[28891— 30648,30251]

[22240— 30648]

[14566— 30648]

[33046:33567]

[28508:33581]
[32819:33618,33641,20742,33632,16913]
[14738:33668,14600,33668,21465]

[33669,23056]

I

I

1l

1

(5]

I

I

I

[4— 4]
[15]

[13 — 11]
[11 — 4]
[17 — 4]
[21]

[13 — 6]
[6 — 6]
[13 — 6]
[6 — 6]
[11 — 6,14]
[6 — 11]
[13 — 31]
[21 — 4]
[39]
[13— 9]
[6— 9]
[11— 9]
[21 — 9,14]
[17 — 9]
[11— 9]
[4— 9]
[4 — 45]
[22 — 4]
[59]

[21 — 15]
[11 — 15]
[4 — 15]
[62]

[15 — 45]
[15— 9]
[13 — 23]



84

86

90

92

96
105,104
108

110

116

124

126

130

133

167
169,168
171,170
181,180
184

190

192

196

200
203,202
209

214

216

218
220,219
221

222

224
226,225
227

242

248

258

282

286

290
305,304
307

315

319
321,320
367,366
386
420,419
422

430

438

452

454

464

466

5
<

)
>

s
Il
_
>

(c(z) V e(y))
A A (&Y (0V ely) =
(1rz)=1

NN R )]~ O S~ Q
S ><<Q<‘:/‘\Oi~3 o8
< 5

NN
o

O —~0 O
—
—
>
—
N
<

OO@O/‘\
< <
o = >

=

<

—_ N~ o~

>

(Ov(1AL)vV
0v (1/\1))v1:1v1

V(AL =1

Ve(IA))AL =
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0Ve(yVy)

xVyVvV({(OVve((zVvz)V(zVz))Vz)=yVl1
xV1I=0Ve(yVy))V(zVy)
(0\/c(x\/:v)) (yvz)=yVvl1
(AAAAT)VO)VO=1
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(Ove(OV(0VO0))VO=1
(zVAALD)AOV(zV0) ==
(A VHAOVI)=1A1
((z V) Va)A (0
0VvVe(V(0V0) =1
OVe((xvO)V(zVv0))V(evl)=1Vvl
(IA1l)ve(OVI)VO=1
(1A1)Ve(OV1) =1
(1AL VeV (0V0)) =
IANOV((IAL)VI)=1A1
(IAl)vli=(0Vv1)Vv1l
1IA1=0V1
(Ov1)v )/\(O\/l)—O\/l
(OVI)Ve(lv(0V0)) =
(:17\/(0\/1))/\(0\/(x\/0))
A0V e(l v)>Amv0>
xv1>< V(0Ve(0V 1))
(ovl) =1
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1vOvi)yanOVvi)=1
cle(z) v (0v1))—xA(0v0)
oOvV(@AVv (Vo)) =

0V (0 (m\/l))—x\/l
Ovoviov(zvl))=zVvl1
OV(AV(zVv(0V0)))=2V1
O\/(z\/(l\/(O\/O)))—x\/l
( V({IvI1)A@Ovi)=1

)

(( V({IV1))VeOVv1))=xzA(0VcOV1))
v(Oovo)vi=(Ovi)vl
\Mlvawvl)(xvn) 0)A(OVI)=
(ov1)vi)ve(OVv1)Vv(0 =1

(xVv1)V(zV1)

<> >

(zV (LAY) A0
IA((1V(0V0))
c((0v0)VvO0) Ve
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OV(AA((QIVIAT
AOVe((1V1)Aal
OV(zVAA(1V)
(OVe((I1V1)Al))V
xAOVe(yV((1V(yVO0)
zAOVe(lV])=azA
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[82 — 53]
[422 — 452,14]
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[466:1037]
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[219:1105]
[1036 — 452,14]
[1036 — 29,14,14]
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[1181— 16]
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[40 — 651]
[1042— 33]
[4 — 1092]
[4 — 1148]
[196 — 1148,744]
[4 — 1166]
[282 — 1286,367]
[1458 — 84,1550]
[45 — 84,14]
[2405]
[4 — 86]
[1559— 55,1560]
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[39 — 227]
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3877 cle(z) vV yvo)=aA0VelyV((1V(yVv0))Vl))) [3865]
3881,3880 c(l V(0VO0)=c0V1) [3021:3867,2384]
4923,4922 (0V (zAz))V(yVv1)=axV(yVvl) [319 — 64,169,28,1163,1161]
5028 (vAVVONA(EVOVe(yV(IV(yVvo)Vvl)))) =x [39 — 430]
5587 ov((ovi)an(Ovl)=0vl [319— 1106,169,28,1163,1161,305,1043,169,28,1163,1161]
5612,5611 (c(0V 1)V e(0V 1)V (0V1)=0V1 [5587 — 319,181,4923]
5840 (OVO) VO A((((MVI)AL)A(OVL)VO)AL) =0 [1144— 248,169,367,2816]
5844 c((OV0)VO0) = ((LVI)AL)A(OVI)VO)AL [1144— 104,169,367,2816,14]
5866,5865 c((0V 1)V 1) =(0V0)A(0Vc(0V1)) [1150— 1162]
5883 (((OVO)A OV e(0V 1)) Ve(OV1) VOV =1 [2005:5866]
6410 clxv(0Vvl)=(c(zVvV0)Ve(xV1)A(OVDO) [1150— 168]
6422 zeAOVyAY)=zAy [221— 168,169,28,1163,1161,28,1163,1161]
7247 xA((yAele(y) Vo) =z Ay [168 — 218,28,1163,1161,28,1163,1161]
7474 c((xAOVO)Vy =0V (c(x) VD)) A(c(yVO)Ve(y V) [2235— 222]
9519 (& Acly) V(zAy)Velx) =1 [9 — 242,169,28,1163,1161]
9633 (LAZ)VelOVaz)Vo=1 [2411— 9519,169,1151,12,46,14]
10131,10130 (1 Az) Ve(0Va) V1 =1V 1 [9633 — 319,1151,1130]
10150 1Az)Ve(OVa)=1 [9633 — 2135,10131,1459]
10186 (IAz) VeV ((xAcle(x))) V) [7247 — 10150]
10212 c(0V ) VeV (((e(z VO0) Vel V1)) Acx) V0)) = [224 — 10150,14]
10220 xVel@V(zVve))=1 [45 — 10150]
10301,10300 (1 Az)v1=(0Vvz) V1 [10150— 319,169,28,1163,1161,305]
10440 OV(zvez)vi=zVvl1 [10220— 319,169,28,1163,1161,305]
10444,104431 A0V (zV (zVx))) ==z [10220— 130]
10445 IN(zV(@v(OVve)) ==z [10220— 76]
10688 OV ((z A c(c(x))) VO)V1=(0Va) V1 [7247 — 10300,10301]
10690 OV(OV(@Az))VI=(0Vz)V1 [6422 — 10300,10301]
10848,10847 (0 V 1) V) V1=(0V1)V1 [1295 — 10440,1560,1560]
10902,109011 A ((1V(OVO)V(OVvI)Vv1)=(OVv1) V1 [2733:10848]
10903 ov(lvl) =1 [10440— 126,10444]
11101,11100 (2 A ¢(c(z))) VO) V1 =z V 1 [258 — 19,28,1163,1161]
11131,111301v1i=0V1 [10903— 1203,367]
11458 c((0v0)VvO0)=((((0Vv 1) ) (Ov1)vo)al [5844:11131]
11460 ((0V 0)VO) A (((((0V AOV1)VO)AL) =0 [5840:11131]
11596 (0V e((0V1)AT)) V ) (0 V1) =0Ve(0OV1)AT) [3210:11131,11131]
11598 OV (@V(AA(OVI)AL)) =2Vl [3208:11131]
11992,11991(0v1)Vv1=1VvV(0VO0) [1181— 10445,1560,10902]
12052,12051 (0 V 0) A (0V ¢(0V 1)) = ¢(0V/ 1) [5865:11992,3881]

12140,121390v1=1
12253,122520V (z V1) =z V1
12255,12254 ((0V0)VO)A1=0VO0
12354,123530V 0 =0
12356,12355¢(0) =1
12406,124051Vv1 =1
12584,12583 (c(zV 0) Vc(x V1)) A0 =c(z V1)

12810 (vV(AV(((zv])V(zV1)V0))Al=(zVI1)V
12827,12826 ¢(c(z) V1) =z A0

12829,12828 ((x A1)V (z AO)) Ay =z Ay

12896 c((xA0)Vy)=(c(z) V1) A(c(yV0)Ve(yV1l))
13249,132480V (z V (y VvV 0)) =z V (y V0)
13257,132560V (x Vv0) =z V0
13315,13314(0Vz)vV1i=zV1

13316 cOvz)ve=1

13318 (IAnz)Ve(x)=1
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[11598:12140,1037,12140,1037,12140]
[11596:12140,1037,12140,14,12140,12140,1037,12140,14]
[11460:12140,1037,12140,12140,1037,12140,18,1037,12140,12255]
[11458:12354,12354,12140,1037,12140,12140,1037,12140,18,1037,12140]

[11130:12140]
[6410:12140,12354]
[1896:12140]
[1162:12140,14,12354]
[1160:12140,14,12354]
[7474:12354,12253]
[12353— 15]
[12353— 4]
[10688:13257,11101]

[10212:13257,105,169,28,12827,12829,42,52]

[10186:13257,105,52]



13448 (xAz)V1i=2zV1
13452 (zvz)Vli=zV1
13859 xV(c(zvo)vl) =1
13861 clxvO)vV(zvl) =1
14031 zVe(lzVez)=1

14186,14185 (z Vz) Al = =
14305,14304 (z V ((zVy) Vy) Al =2xVy

14332 (c(zvz)vO)vae=1
14719 c(zVO)V(zV0) =1
14843 (Iv(zv0)Vvi=(zVv1)Vvl

14882,148811V ((0Vz)V0) =z V1
15156,151551V ((zVa)Vv0) =z V1
15158,15157 (z V1)V (z V1) =z V1

15355,153541 A (x V1) =z V1

15822 :v\/(y\/( (yV((xvyVvl)Vv(zV )))\/1)):1
15828 Vie(zV((1Vv(zVv0)Vvl1)Vvl) =

15842 V(yV(ie(zVv((AV(xVv0)Vvl)V )) =yVl1
16165 (:U VelyV VeV vD)A(yV(zVvl) ==z
16209 c(x) vV (x\/l):l

16220,16219¢(z V1) V1 = ¢(z V0) V 1

16363 x\/(()\/lzl

16366,16365 ¢(z \V 0) V 1 = c(z) V 1
16466,16465¢(zV1)V1=c(z)V1

16469 (m\/c(y\/(z\/(c ) VI)))A(yV(zVv]) =
16500 (xAO)V1I=2zV1

16723,16722 ¢(z V z) \/ l=c(z)V1

17210 (clxvV(IV(zVv0)VI)VO)V(LV(zVv0)=
17536 xV1=yV(c(yVv0)V(zVD0))

17573 zV(c(zVO)V(yv0o)=yVvl

17794,17793 (z V1) V1 =2 V 1
17796,17795z V (c(x Vy) V1) =c(y) V1
17875,17874(1V (zV0) V1=x V1
17905,17904 ¢(z) V1 = 1

17907,17906z Vv (yv1) =1
17916,179151 V (2 V 0) =
17918,17917zVv1=1

17920,179191 A (z V 0) =
17922,179212A0=0

17980,17979 (x VO) Al ==z

17989 c(0V ) =c(zV0)

18409 xV(c(xV0O)V(yVv0o)) =1
20575 OVa)Al=z
20873,20872xV 0 =2

21639 zV(c(z)Vy =1

21688,21687x N1 =x
21862,21861c¢(c(x)) = =

21863 $Ans(CC)
22975 zV(zhy) ==z
22977 $Ans(B1)

[10690:13315,13315,13315]
[10440:13315]
[13316— 124,12406,13257]
[13316— 60,12406,13257]
[45 — 13318]
[14031— 2535,46,12140]
[4 — 14185]
[14185— 110]
[13256— 13316]
[386 — 13314,13249]
[21 — 13314]
[21 — 13452]
[12810:15156,14305]
[286 — 74,34,15158,34]
[70 — 290,14882]
[39 — 290,18,13315]
[290 — 62,18,13315]
[13859— 130]
[13448— 13861,105,14186]
[13861— 319,15158,13315]
[4 — 16209]
[16209— 319,15158,13315,16220]
[16219:16366]
[16165:16366]
[16363— 319,15158,12827,13315]
[184 — 16500,12584,16466,13315]
[39 — 14332]
[14719— 68]
[17536]

[16209— 307,15158,169,12354,12356,12140,14,18,15355]
[319 — 307,13315,16723,13315,16723]

[14843:17794]
[15828:17875,17796,16466]
[15822:17905]

[17210:17875,17907,14,12354,13249]

[15842:17916,12406,17905,17907]

[5028:17916,17918,17916,17918,17918,14,12354]
[3877:17916,17918,14,17916,17918,17918,14,12354]
[16469:17918,17918,17918,14,17918,17918]
[12896:17922,17918,17918,14,17920]

[17573:17918]
[17989— 27,28,17980]
[13256— 20575,17980]
[18409:20873,20873]
[17979:20873]
[27:20873,21688]
[21861,2]
[21639— 454,21862,21688,21862]
[22975,1]

Independence of thB.A 4-basis{AJ, DM, ONE, CUT} is open. In particular, we have not been able to find a

proof or countermodel of
{AJ, DM, CUT} = ONE.
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The simplest multiequation basis we know of 84 in terms of join and complement is the following, due to
C. A. Meredith [13].

cle(x)Vy) Ve =x % MER_1
cle(z)Vy)vV(zVy)=yV(zVz) %MER2

For comparison, the Robbins 3-basis 4 (in terms of join and complement) is the following [12].
(xVy)Vz=azV(yVz) % AJ2

xVy=yVz % CJ
cle(x Vely)) Ve(rVy)) =z % Robbins

2.2 In Terms of the Sheffer Stroke

This section contain multiequation bases, in terms of the Sheffer strok®@pOML, MOL, andBA. (There
cannot be a basis fat in terms of the Sheffer stroke.) We prove each basis equivalent to the corresponding basis in
terms of join, meet, and complement with two Otter jobs, and we show independence with Mace2 countermodels.

2.2.1 Ortholattices in Terms of the Sheffer Stroke

The following is a 3-basis for ortholattices in terms of the Sheffer stroke.

(2l((yl2)I(y]2))) = (yl((z|2)|(x|2))) % ASS
((z|2)|(z]y)) = = % B_SS
(z[(z]z)) = (y|(yly)) % ONE.SS

The following two Otter jobs show that this basis is definitionally equivalent to the (join/meet/complethént)
basis{AJ, B1, DM, CC, ONE.

Proof OL-SS

1 AV (BVC)#£BV(AVC) | $4Ans(AJ) I
2 AVe(e(A)Ve(B)) # A | $Ans(Bl_rewritten) I
3 ANB # c(c(A)Ve(B)) | $Ans(DM) I
4 c(c(A)) # A | $Ans(CO) I
5 AV e(A) #BVe(B) | $Ans(ONE) 1
6 (A|B) # c(A)Ve(B) | $Ans(DEF_SS) I
8 (@|((yl2)|(y|= ))) (y|((z|2)|(z]2))) I
9 ((z]z)[(z]y)) = 0
11 (z|(z|2)) = (y|(y|y)) 0
12 zVy = ((z|z)|(yly)) I
13 ((z]2)[(yly)) =z Vy [12]
15 z Ay = ((z[y)|(z]y)) I
16 ((l(ly) =z Ay [15]
18 c(z) = (z|z) I
20,19 (z|x) = c(x) [18]
21 (zle((yl2))) = (yle((z]2))) [8,20,20]
22 (zle(x)) = (yle(y)) [11,20,20]
24,23 c(zly)) =z Ny [16:20]
25 (c(x)|e(y) =xVy [13:20,20]
27 (c(z)|(z]y)) == [9:20]
29 (zly A z) = (ylx A z) [21,24,24]
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37,36
38

41

47
49,48
54

58

59

64

65

87
92,91
103
162
182
205,204
210,209
214
215
218
223
330
340
344
380
386
400
913,912
914
916
1260
1268
1360
1362
1365
1367
1372
1374
1461,1460
1465,1464
1810
1812
2611
2613
2631
2669
3002,3001
5126
5169
14574

15295,15294 (z V ) V

15296
15297

(zly) = clz A y)

c(z) Ne(z A y) = c(z)
cx/\(y/\z))—c(y/\(:z:/\z))
y)=zVy
yAc(y)

o
AA/—\
o
2
8
N

Il /\

a:/\c(y/\c(a:))zsc
TNYy=yNzx

ez Ae(y)) =clz) Vy
cle(x) Ny) ==V c(y)

zVe(r)=yVc(y)
$Ans(ONE)

tVy=yVvuao

x A(c(y)Va) =
zAN(yVe)==z
xA(xVy) =z
(Vy)Ny=y
(zVy) A=z
@A (yn(zVz))
e((z vV y) A (2 A 2))
c(z Ay) = c(x) v c(y)

(
(
e(e(x )\/y)vgc—x
(zV
(zV

(yAx)

c(z A x)

c(xVely)Vy=y
c(zVy)V(c(z) Ve(r))
(@) V(ely) Ve(z V 2))
(ely) = () V c(y)
$Ans(DEF_SS)
xVe(e(z)Vy) ==
$Ans(B1_rewritten)
c(zVy)Vely) = C(y)

xVe(yVe(z)) =

c(z) Ve(zVy) = (96)
c(z) Ve(yVa)=cz)
z ANy = c(c(x) Ve(y))
$Ans(DM)

(2 Vy) V)V ely)
c((zVy)Vz)Ve(r)
() V (g v ez v 2))
(zvy)vz)Vy=(zV
(zVvy)V2)va=(zv
(xVy)Vz=(yVz)Vz
xV(yVvz)=(:zVy) Ve
(xVy)V(zVy) =2V (zVy)
zVz)=yV(zVzx)

(
(
xV(yV=2) —y\/(x\/z)
$Ans(AJ)

c(y)
c(x)
y ()
y) vV
y) Vv

(2) V e(x)

c(y) v ¢

[19 — 27,20]

[36,4]

[27 — 23]

[22 — 23,24]

[23 — 36]

[41:49]

[29:49,49]

[25:49]

[36 — 47]

[64]

[36 — 54,37]

[64 — 54,37,37]
[91 — 58,92]

[103 — 87]

[103 — 36,37]

[36 — 59]

[36 — 59]

[65 — 59,210]

[214,5]

[103 — 59,205,37]
[162:205]

[36 — 223]

[218 — 330]

[182 — 330]

[182 — 340]

[340 — 58]

[380 — 58]

[36 — 204]

[380 — 204,37]
[344 — 204,37]
[400:913,913,913]
[386:913,913,913]
[48:913]

[1360,6]

[218 — 914]
[1365,2]

[36 — 916]

[218 — 916]

[36 — 1365]

[36 — 1374]

[912 — 36]
[1810,3]

[1464 — 1260,1465]
[1460— 1260,1461]
[36 — 1268,37]
[2611— 1365,37]
[2613— 1365,37]
[218 — 2669,3002]
[218 — 5126]
[1372— 2631,37,37,37]
[5169 — 14574]
[5126 — 14574,15295]
[15296,1]
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Proof OL-SS-2

©CooouhwWNPE

12,11
14,13

16
18,17
19

21
27

28

31

39

40

48

49

75

77

79
86,85
87
94,93
95
97,96
98
100
101
103
108
110
119
120

(A|((BIC)[(B|C))) # (BI((A|C)(A|C))) | $Ans(SS)

((A]A)[(AB)) # A | 8Ans(SS)

(A[(A|A)) # (B|(B|B)) | $Ans(SS)

AV B # ((A|A)|(B|B)) | $Ans(J)

ANB # ((A|B)|(A|B)) | $Ans(M)

( ) # (A[4) | 8Ans(C)
V(yVvz)=yV(xVz)

a:\/ (xANy) ==z

z ANy = c(c(x) Ve(y))

cle(z)) =z

xVe(z)=yVc(y)

(@ly) = c(z) V c(y)

c(z) Ve(y) = (zly)

a:\/c((a:|y)(

(C(w)l(l‘ly))
(c(2)lc(y) =« V y

((z]z)|(zly)) =
$Ans(SS)

(z|(z[z)) = (yl(yly))
$Ans(SS)

(wl(((yly)\Z)l(ﬁyly)IZ))) = ((wly)[((22)|(z]2)))

z Ay = ((z[y)|(x]y))

$Ans(M)

(@[ ((y[2)|(y[2))) = (yl((z]2)[(z]2)))
$Ans(SS)

I

I

I

1l

I

I

I

I

ll

ll

I

I

[16]
[9:12,18]
[11:18]
[13 — 15]

[27]

[13 — 17]

[17 — 8]

[39]

[17 — 28]

(48]

[13 — 31]
[19 — 31]

[75]
[77— 77,14]
[85,6]
[79:86,86]
[93,4]
[77:86]
[96,2]
[49:86,94,97,86]
[100,3]

[40:86,86,94,97,94,97,94]

[21:86]
[108,5]
[96 — 103,97,97]
[119,1]

The following three Mace2 jobs show that % 3-basis{A_SS, BSS, ONESS} is independent.

Countermodel OL-SS-a

f(F(,x),f(x,y)) = x.
fx,f(x,x)) = (y,f(y,y)).
f(Af(f(B,C),f(B,C))) '= f(B,f(f(A,C),f(A,C))).

36

% B_
% ONE_SS
% denial of A_SS



Table 18: OL-SS-a.out

Countermodel OL-SS-b

f(x,f(f(y,2),f(y,2))) = f(y,f(f(x,2),f(x,2))). % A_SS
f(x,f(x,x)) = f(y.f(y.y)). % ONE_SS
f(f(A,A).f(A,B)) = A. % denial of B_SS

f]10
B: 0 Al 00
1|0

Table 19: OL-SS-b.out

o Ol

Countermodel OL-SS-c

f(x,f(f(y,2),f(y,2))) = f(y,f(f(x,2),f(x,2))). % A _SS
f(f(x,x),f(x.y)) = x. % B_SS
f(Af(AA)) = (B,f(B,B)). % denial of ONE_SS

Table 20: OL-SS-c.out

2.2.2 Orthomodular Lattices in Terms of the Sheffer Stroke

The following is a 3-basis for orthomodular lattices in terms of the Sheffer stroke.

(z[((y12)1(y]2))) = (yl((z[2)|(z[2))) % ASS
((z]2)[(x]y)) = = % B_SS
([(x|(2]y))) = (xly) % OM_SS

The following two Otter jobs show that this basis is definitionally equivalent to the (join/meet/complathiti)
basis{AJ, B1, DM, OM}.

Proof OML-SS

1 AV (BVC)#BV(AVC) | $Ans(AJ) I}
2 AV (ANB)#A | $Ans(B1) I
3 ANB #c(c(A)Ve(B)) | $Ans(DM) I
4 AV e(AVc(AV B))# AV B | $Ans(OM _rewritten) I}
5 (A|B) # c(A) vV e(B) | $Ans(DEF_SS) I}
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7 (z[((y12)(yl2))) = (yl((z]2)[(x]2)))
8 ((z]2)|(z]y)) =
10 (z[(z[(x]y))) = (z[y)

12 vy = ((2[2)](yly))

13 (@) (wly)) = =V y

15 2 Ay = (o) (zly))

16 ((=[)l(zly)) =z Ay

18 c(z) = (x|z)

20,19 (z|z) = c(x)

21 (zle(y]2)) = (le((z]2)))

23,22 c(zly) =z Ay

25,24 (c(z)|c(y)) =z Vy

26 (c(2)(zly)) =

28 (zly A 2) = (yle A 2)

39,38 cle(x) =x Ve

44,43 c(x) ANe(y) =c(z Vy)

15 (e()l(el@)le v y) =2V y

49 (z|y) V (zly) = c(z Ay)

64,63 rVr=x

74,73 zly) = c(x Ay)

78,77 cle(x)) ==x

85 zV(c(z)AN(xVy))=zVy

89 xV(zAhy) ==z

91 $Ans(B1)

100 c(xAN(yNz))=clyn(zAz))

104,103 c(x) Ny =c(zVc(y))

107 zVe(zVe(lzVy)=xzVy

109 $Ans(OM _rewritten)

117,116 z Ay =c(c(z)Ve(y))

118 $Ans(DM)

125 (&) V (ely) V e(2)) = e(m) V (c(x) V e(2))
128 (2ly) = e(z) V c(y)

130 $Ans(DEF_SS)

143 2V (c(y) vV e(2)) = c(y) vV (z V c(2))

172 xV(yVe(z)=yV(xVc(z))

209 xV(yVz)=yV(zVz)

210 $Ans(AJ)

Proof OML-SS-2

1 (Al((BIO)(B]C))) # (BI((AIC)(A[C))) | $Ans(ASS)
2 (AJA)(A]B)) £ A | $Ans(B_SS)

3 (AI(A(A|B))) # (AIB) | $Ans(OM _SS)
4 AV B # ((AlA)|(B|B)) | $Ans(DEF_J)
5 AN B # ((AIB)|(A|B)) | $Ans(DEF_M)
6 ( ) # (A|A) | $Ans(DEF_C)

8 V(yVz)=yV(zVz)

9 x \/ (xAy) ==z

12,11 ANy =c(c(z) Vc(y))

13 xV(c(z)A(zVy)=xzVy

14 xVelele(x)Ve(xVy)=xVy

16 (zly) = c(x) V c(y)

38

I
I
I
I
[12]
[
[15]
I
[18]
[7,20,20]
[16:20]
[13:20,20]
[8:20]
[21,23,23]
[19 — 24]
[24 — 22]
[24 — 10,25]
[22 — 38]
[19 — 26,20,39]
[49:64]
[38:64]
[45:74,74,44,78]
[26:74,74,44,78]
[89,2]
[28:74,74]
[77 — 43]
[85:104]
[107,4]
[77 — 103]
[116,3]

[100:117,117,78,78,117,117,78,78]

[73:117,78]
[128,5]

[77 — 125,78]
[77 — 143,78]
[77 — 172,78]
[209,1]

[
I
I
[l
[
[
I
[
[
I
[13,12]
I



18,17
20,19
21

23

25

27

29

31

32

35

37

39

47

53

54
92,91
104
107,106
140

144

149
156,155
170,169
171
174,173
176,175
183

237

252

270
272,271
274

279

280

283

294

296

306

314

330
352,351
353

354

363

375
378,377
379
409,408
472

480

493

497

643
766,765

(@) Vely) = (z(y)
zVe((zly) =x
xVe((e(z)lzVy)=xVy
ANy = c((zly))
xV(yV(zvu)=zV(zV(yVu))
zV(yVe((zlz) =yVa
(z|(c(x)]y)) = c(z)

zV (ylz) =c(y) V(z Vc(2))
c(z) V(yVe(z) =yV(z]z)
xVe(e(z)) =x
zVc((c(z)|z)) =
(@|(c(e(@))[(z]y))) = (z|y)
xV (yVele(r)=yVa

zV (yle(x)) =c(y) Va
cz)Vy=yV (zlc(y))

c(z) V (yle(e(z))) = (y[z)
cx)Ve=zVc(r)
c(x)V(zVy) =zVc(x)
zV(yVe(y) =cly)V(zVy)
c(z)V(yve)=yV(zVc())
c(e(z)) V (zVe(z)) = (z|c(z))
c(z)V(yVva)=zVc(x)
zV(yVe(y) =yVely)

xV (c(z)Vy) =z Vc(x)
zVe(x) = (z|c(z))

z V (yle(y)) = (yle(y))

z V (c(x) Vy) = (2|c(z))
(zle(z)) = (yle(y))

c(@) V (ylz) = c(y) V (z]2)
zV(yVe((zle(2) =y Ve
zVe((yle(y)) ==
rNVy=yVazx

zV (yle(x)) =2V c(y)

c(z) vy = (z]e(y)) v
cle(z))Ve=x

c((zly)) Ve =z

(zly) = (ylz)
zV(c((zly))Vz)=2zVe
zVy=yV(c((ylz) V)
(c(e(z))|z) = c(2)
((c(@)[y)|z) = c(z)
zV(c(z)ly) =c(y) Va
zV(ylz) =c(z) V(2 Vc(y))
c(x)Vy=yV(c(y)lz)
c((zly) Vy=1y

c((zle(z)) Vy =y

zV ((zly)le(z)) =z

c(e(z)) = (c(z)|e(z))
(z]((c(z)]c(@))](z]y))) = (z|y)
((zle(z))ly) = c(y)
((zle(y)ly) = c(y)

c(z) = ((yle(y))|z)

CE c((zle(2)))le((@le()))ly) =y

39

[16]
[9:12,18]
[14:18]
[11:18]
[8 — 8]
[19 — 8]
[19 — 17]
[17 — 8]
[31]
[29 — 19]
[19 — 21,20]
[17 — 21,18,18]
[35— 8]
[17 — 47]
[53]
[17 — 54]
[37 — 27]
[21 — 27]
[104 — 8]
[140]
[106 — 106,18]
[47 — 106]
[25 — 106,107]
[8 — 106]
[149:170]
[144:156,174,174]
[171:174]
[175— 183,176]
[54 — 32,92]
[237 — 27]
[237 — 19]
[270,272]
[54 — 274]
[53 — 274]
[35 — 274]
[19 — 274]
[17 — 274,18]
[274 — 27]
[306]
[17 — 283]
[29 — 296]
[296 — 53]
[296 — 31]
[353]
[296 — 294]
[237 — 294]
[54 — 294]
[330 — 29]
[39:409]
[237 — 375,18]
[17 — 375]
[480]

[21 — 377,378,409,378]

[497 — 408]



898 zV (c(z)|(z]y)) = = [296 — 379]
900 ((x|y)|e(z)) Ve =a [274 — 379]
1132 (c(x)|(z|ly)) Ve =x [274 — 898]
1162,1161  ((c(z)|y)|(c(z)|c(x))) V (2]z) = (z|x) [900 — 32,18,409]
2136 (e(le())le() V (zle(y) = (zlc(y)) [493 - 1132]
2138 (el (c@ly))le(@) V (c(@)ly) = (c(z)]y) [351 — 1132]
3290 xV (c(z)|ly) =z Vc(y) [296 — 279]
4012 (c(((c(@)|y)|(c(z)|e(x))))|x) = e(x) [379 — 363,409,409,1162]
4016 (zle(y) Vy =y V (c(y)|z) [280 — 363]
5787,5786  ((c((x|c(x)))|e((x]c(x)|y) = ((x|e(x))|y) [377 — 3290,409,18]
5788 (c(z)ly) Ve =aVc(y) [274 — 3290]
5806,5805 (c(z)|c(x)) =« [643:5787,766]
5807 xVe(y) = (c(x)|y) Ve [5788]
5841,5840 c(x) = (z|x) [4012:5806,352,409,5806]
5842 $Ans(DEF_C) [5840,6]
5933 (l((l)l (@) ly)) = (2ly) [472:5841,5841]
5063,5962  ((z]z)|y) Vo =z V (y|y) [5807,5841,5841]
5995,5994  ((z|z)|(x|z)) =« [5805:5841,5841]
6607,6606 (z|(y|ly)) Vy =1y V ((y|y)|z) [4016:5841,5841]
7277,7276  zV (yly) = ((z|2)]y) [2138:5841,5841,5841,5841,5963,5995,5963,5841]
7279,7278  xV ((z]2)ly) = (y|(z|z)) [2136:5841,5841,5841,5841,5963,5995,6607,5841]
7708,7707  ((2]2)|(z]y)) = « [1132:5841,5963,7277]
7709 $Ans(B_SS) [7707,2]
7950,7949  (z|x) Vy = (z|(yly)) [363:5841,5841,7279]
7957,7956 v (y|z) = (|(((z]2)|y)|((z]2)|y))) [354:5841,5841,7277,7950]
7961,7960 xVy = ((z|2)|(yly)) [314:5841,7950,7957,7708,7708]
7962 $Ans(DEF_J) [7960,4]
7967 (@] ((y]2)[(y]2))) = (w|((z|2)|(x]2))) [252:5841,7961,5995,5841,7961,5995]
7968 $Ans(A_SS) [7967,1]
7977 x Ay = ((x|y)|(z|y)) [23:5841]
7979 $Ans(DEF_M) [7977,5]
8024 (z|(z|(z|y))) = (z]y) [5938:5995]
8026 $Ans(OM_SS) [8024,3]

The following three Mace2 jobs show that e\ £ 3-basis{A_SS, BSS, OMSS} is independent.

Countermodel OML-SS-a

f(f(x,x).f(x,y)) = x. % B_SS
£, FOGFOGY)) = F(X,Y). % OM_SS
f(Af(f(B,C),f(B,C))) != f(B.i(f(A,C),f(A,C))). % denial of A_SS

f:
C:0 A:0 B:1 0
1

= o|lo
ok

Table 21: OML-SS-a.out

Countermodel OML-SS-b
f(x,f(f(y,2),f(y,2))) = f(y,f(f(x,2),f(x,2))). % A_SS
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fOFOGT(X,Y)) = f(x,y). % OM_SS
f(f(A,A),f(A,B)) = A. % denial of B_SS

f.10
B: 0 Al 0|0
1|0

Table 22: OML-SS-b.ou

o ol

Countermodel OML-SS-c

f(x,f(f(y,2),f(y,2))) = f(y,f(f(x,2),f(x,2))). % A _SS
f(f(x,x),f(x.y)) = x. % B_SS
f(Af(Af(A,B))) = f(A,B). % denial of OM_SS

2
2
1
0

Table 23: OML-SS-c.out

2.2.3 Modular Ortholattices in Terms of the Sheffer Stroke

The following is a 4-basis for modular ortholattices in terms of the Sheffer stroke.

(yl2))) = (Wl((=|2)(x]2))) % A_SS

y) == % B_SS
= (yl(yly)) % ONE.SS

yl(z|(2]2)))) = (=|(2|(=|(yly)))) % MOD.SS

The following two Otter jobs show that this basis is definitionally equivalent to the (join/meet/completréns)
basis{AJ, B1, DM, CC, ONE, MOD.

Proof MOL-SS

1 AV (BVC)#BV(AVC) | $Ans(AJ) 1
2 AV (AANB)#A | $Ans(B1) 1
3 ANB # c(c(A)Ve(B)) | $Ans(DM) 1
4 c(c(A)) # A | $4ns(CC) I
5 AV e(A) #BVe(B) | $Ans(ONE) I
6 AVe(e(B)Ve(AVC))# AVe(e(C)Ve(AV B)) | $Ans(MOD_ _rewritten) 1
7 (A|B) # c¢(A)Ve(B) | $Ans(DEF_SS) 1
9 (@|((y]2)|(y|= ))) (yl((z[2)[(z]2))) 0
10 ((z]z)[(z]y)) = 0
12 (z|(z|z)) = (yl(yly)) I
13 (@|(y(z|(2]2)))) = (=|(z|(z[(y]y)))) I
14 zVy = ((z|2)(yly)) I
15 ((zl2)|(yly) =z Vy [14]
17 Ay = ((z[y)|(z]y)) 0
18 ((zly)|(zly)) =z Ay [17]
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20 e(x) = (z]2) 0
22,21 (z]z) = c(x) [20]
23 (z[e((yl2))) = (yle((zl2))) [9,22,22]
24 (ele()) = (yle(y)) [12,22.27]
25 (1 (21e(2)))) = (2l le)))) [13,22.27]
27,26 c((zly)) =z Ay [18:22]
28 (e(x)|e(y)) =z Vy [15:22,22]
30 (c(@)|(aly)) = = [10:22]
32 (zly A 2) = (ylz A 2) [23,27,27]
40,39 cle(x)) == [21 — 30,22]
41 $Ans(CC) [39,4]
44 c(x) A (zly) = c(x) [30 — 26]
50 xAe(z) =yAcly) [24 — 26,27]
52,51 (z|ly) = c(x ANy) [26 — 39]
57 c(x) ANe(x ANy) = c(x) [44:52]
61 c(x ANyNz)=clyn(zAz)) [32:52,52]
62 cle(z) ANe(y)) =z Vy [28:52]
64 clxNeyNe(z Ne(z)))) =clzAe(zAe(zAc(y)))) [25:52,52,52,52,52,52]
68 c(x) N =y Ac(y) [39 — 50]
69 xAe(x)=cly) ANy [68]
91 zAcle(x)Ny)=x [39 — 57,40]
96,95 zAc(yANe(y)) =z [68 — 57,40,40]
107 clx Ny) =c(yAx) [95 — 61,96]
166 xAe(ynhce(z)) =x [107 — 91]
186 TANYy=yAzx [107 — 39,40]
209,208 clxNe(y)) =cz)Vy [39 — 62]
214,213 cle(x) Ny) =z Vely) [39 — 62]
215 xV(zAhy) ==z [91 — 62,40,40]
217 $Ans(B1) [215,2]
219 xVe(x)=yVc(y) [69 — 62,214]
220 $Ans(ONE) [219,5]
223 xVy=yVz [107 — 62,209,40]
228 zA(c(y)Va)==z [166:209]
240 () V (yA(e(x)Vz)=cl@)V(zA (c(z) Vy)) [64:209,209,209,209]
336 rAyVe)=zx [39 — 228]
346 xA(xVy) =z [223 — 336]
350 (zVy)ANy=y [186 — 336]
386 (zVvy) Nz =z [186 — 346]
392 clx N(yAN(xVz))=clynz) [346 — 61]
406 c((xVy)A(zAx))=clzAx) [386 — 61]
919,918 c(x Ny) =c(x) Vely) [39 — 208]
920 cle(@)Vy) Ve =z [386 — 208,40]
922 c(zVe(y)Vy=y [350 — 208,40]
1266 c(x Vy)V(e(z) Ve(r)) =c(z) Ve(z) [406:919,919,919]
1274 c(x) V (e(y) Ve(x Vv 2)) =cly) Ve(x) [392:919,919,919]
1366 (z|y) = c(x) V c(y) [51:919]
1368 $Ans(DEF_SS) [1366,7]
1371 zVele(x)Vy) =x [223 — 920]
1377 c(zVy)Vely) =cy) [39 — 922]
1379 xVelyVe(lr)) =x [223 — 922]
1466,1465 c¢(x) Vc(z Vy) = c(x) [39 — 1371]
1470,1469 c¢(z) Vc(y V) = c(z) [39 — 1379]
1816,1815 z Ay = c(c(x) V c(y)) [918 — 39]
1817 $Ans(DM) [1815,3]
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2100
2617
2619
2637
2675
3006,3005
5132
5175
7211
7212
14692

15413,15412 (z V y) V

15414
15415

xVe(e(y)Ve(xVz)=aVele(z)Velx Vy))
$ Ans(MOD _rewritten
(xVy)V(zVy)=zV

(zva)=yV
xV(yVvz)=yV(zVz
$Ans(AJ)

NN
ISE
<<
B

~—

Proof MOL-SS-2

O~NO U WDNERE

10
13,12
15,14
16
17
18
19
21,20
22
24
25
31
32
35
37
43
44
52
53
60
65
68
73
77
79
93,92
94

(A[((BIO)[(B[C))) # (BI((A|C)|(A|C))) | $Ans(A-SS)
((A|A)|(A[B)) # A | $Ans(B_SS)

(A[(A[4)) # (B|(B|B)) | §Ans(ONE_SS)
(A[(BI(A[(C1C)))) # (AI(CI(A[(B|B)))) | $Ans(MOD_SS)
AV B # ((A|A)|(B|B)) | $Ans(DEF_J)

ANB # ((AB)|(A|B)) | $Ans(DEF_M)

( ) # (A|A) | $Ans(DEF_C)

V(yVz)=yV(zVz2)
1:\/ (xhy)==x
ANy = c(c(x) Ve(y))
cle(z)) =
a:\/c(a: Ve(y)

V(y ( z))=xV(zA(zVy))
ch(c( YVe(zVz)=aVce(e(z)Ve(zVy))
(zly) = c(z) V c(y)

c(z) Vely) = (fﬂly)
zVe((zly)) =

xVe((ylz vV z)) =z Ve((zlzVy))
ANy = c((zly))

(x[(y|(z]2))) = (z[(c(2) c(2) V y))
(z|(yle(z) V 2)) = (|(z]e(x) V y))
(z[(e(y)le(x) V 2)) = (2|(z[(2]y)))
zVy = (c(z)]e(y))

(c()|(z]y)) = =

(c(@)le(y)) =z Vy

c(z) = (z|z)

43

[240:1816,1816]
[1469— 1266,1470]
[1465— 1266,1466]

[39 — 1274,40]

[2617 — 1371,40]
[2619— 1371,40]

[223 — 2675,3006]
[223 — 5132]
[39 — 2100,40,40,40]
[7211,6]
[1377 — 2637,40,40,40]
[5175— 14692]
[5132— 14692,15413]
[15414,1]

I

I

1l

ll

(

I

I

ll

1l

(

I

I

I
[17,13,13]
1

[19]
[10:13,21]
[18,21,21]
[12:21]
[14 — 16]
[31]

[14 — 20]
[22 - 20]
[20 — 9]
[43]

[20 — 32]
(52]
[20 — 24,21,21]
[20 — 24,21]
[60]

[14 — 35]
[22 - 35]
[73]

[77 — 77,15]
[92,7]



100,99 xVy = ((z|z)|(yly)) [79:93,93]
101 $Ans(DEF_J) [99,5]
103,102 ((z|x)|(z|y)) = [77:93]
104 $Ans(B_SS) [102,2]
106 ([ ((yly)|(z](2]2)))) = (x[(=|(z[y))) [68:93,93,100,103]
108 (z[(yl(z[(212)))) = (=[] (z[(ylv)))) [65:93,100,103,93,100,103]
109 $Ans(MOD_SS) [108,4]
112 (z|(z|z)) = (y|(yly)) [53:93,100,103,93]
113 $Ans(ONE_SS) [112,3]
115 (@A(l) 2 (@l)1) = (@l)l(l2)](]2) [44:93,93,100,103,100,103.100]
119,118 (z|((z]2)|y)) = (z|z) [37:93,93]
120 z Ay = ((z]y)|(x]y)) [25:93]
122 $Ans(DEF_M) [120,6]
145 ((z|2)|(y|x)) = = [106 — 108,103,103,103,119,103]
176 @ l(wl2)I(1)) = @l(El2)]@]2)) [145 — 115,103,103]
177 $Ans(A_SS) [176,1]

The following four Mace2 jobs show thattO L 4-basis{A_SS, BSS, ONESS, MODSS;} is independent.

Countermodel MOL-SS-a

f(f(x,x),f(x,y)) = x. % B_SS
f(x,f(x,x)) = f(y,f(y,y)). % ONE_SS
f(x,f(y,f(x,f(z,2)))) = f(x,f(z,f(x,f(y,y)))). % MOD_SS

f(Af(f(B,C),f(B,C))) != f(B,f(f(A,C),f(A,C))). % denial of A_SS

Table 24: MOL-SS-a.out

Countermodel MOL-SS-b

f(x,f(f(y,2),f(y,2))) = f(y,f(f(x,2),f(x,2))). % A_SS

fx,f(x,x)) = f(y.f(y.y)). % ONE_SS
f(x,f(y,f(x,f(z,2)))) = f(x,f(z,f(x,f(y,y)))). % MOD_SS
f(f(A,A),f(A,B)) = A. % denial of B_SS

o ol

f. 10
B: 0 Al 00
1/0

Table 25: MOL-SS-b.ou

Countermodel MOL-SS-c

f(x,f(f(y,2),f(y,2))) = f(y,f(f(x,2),f(x,2))). % A_SS
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f(f(x,x).f(x,y)) = x. % B_SS
f(x,f(y,f(x,f(z,2)) = fx.f@fxfy.y). % MOD_SS
f(Af(AA) 1= f(B,I(B,B)). % denial of ONE_SS

Table 26: MOL-SS-c.out

Countermodel MOL-SS-d

f(x,f(f(y,2),f(y,2))) = f(y,f(f(x,2),f(x,2))). % A _SS

f(f(x,x),f(x,y)) = x. % B_SS
fox,f(x,x)) = f(y,f(y,y)). % ONE_SS
f(Af(B,f(A,f(C,C)))) != f(Af(C,f(A,f(B,B)))). % denial of MOD_SS

B: 0 A:0 C:1

ahwWwNRE O™
P WNWWN o
W WU o U Wk
WwWwo oo wN
P wWwhouNw
WwWwwwww s
P WERE WWR o

Table 27: MOL-SS-d.out

2.2.4 Boolean Algebra in Terms of the Sheffer Stroke

The following is a 2-basis for Boolean algebra in terms of the Sheffer stroke.

(z[((y]2)|(y]2))) = (yl((z[2)|(x]2))) % ASS
((=[(yly)l(z]y)) = = % CUT.SS

The two Otter job below show that this basis is definitionally equivalent to the (join/meet/compldfoéb8sis
{AJ, DM, ONE, CUT}.

For reference, the simplest multiequation basisBet in terms of the Sheffer stroke is known to be the
following [20].

zly = ylz

(@|y)l (=] (y[2)) =
Proof BA-SS
1 AV (BVC)#BV(AVCO) | $Ans(AJ) ll
2 ANB # c(c(A) Ve(B)) | $Ans(DM) I
3 AV ¢(A)# BVeB) | $Ans(ONE) I
4 c(c(AVe(B))Ve(AV B)) # A | $Ans(CUT _rewritten) I}
5 (A|B) # c(A) vV ¢(B) | $Ans(DEF_SS) I
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10

11

13

14

16
18,17
19
21,20
23,22
24

26

27
30,29
31
33,32
36,35
38,37
39

41

43

45

47

49
52,51
54,53
55
58,57
60,59
62,61
63

69

71

72

74

75

77
79,78
82,81
94

96
102
118
122
132
141,140
147,146
155
157,156
161,160
176
184
185

8
>
N
I
E
<
~
~

(zle((y]2))) = (yle((x]2)))
((zly)) = 2 Ay

(lo)etv) =2V o
(@le(w))|(zly)) =

(aly 7 2) = (sl A2

x Az = c(e(x))

(2 A yle(2)) = (ly) v
(c(@)ly A 2) =V (32)
cle(z))=axVe
TNx=xVI

c(z) Ne(y) = ez Vy
((zly A 2)|(zl(yl2))) = @

(z Vyl(c(z)ly)) = c(x)
(((zle(y))lz Ay)lx) = (z]c(y))
((c()ly Vy)lz Vy) = c(x)
((zle ) ==

(

o(

(

GRS

(
c(x)ly
zlc(z))|c(z

c(y) A (zly) = c(z)
Vz)=c(z)Vc(x)
ly) V (zly) = c(z A y)
zly vV y)l(zle(y))) =z
c(@)lyVy) =z Vc(y)
zVzle(y)) =c(z) Vy
zVe(y)lrVy) = c(r)
(zly)|z Ay)|lz Ay) =
(z)) Ae(x) = c(z)
y) = (ylz Ay)

xT|c
T

(z[y)

(xANy)ANy) =c(z Ay)

xle
x|y Vv

z|

zly Ax) = (ylz V)

(
(
(
(
(
(
(
(
(
(
(

(zle(y A 2)|(yle A 2)) =
cA(yAz)=yA(xzAz2)
(zVz)Acly) = cle(z) Vy)
c(x) A (yVy)=clzVcy))
(zly)lzAy) ANz Ay) =z Ny
zle(y)) = ((yle(y))]z A c(y))
z Aylz Au) = (z]y) V (z|u)
zVy)A(c(@)ly) =zVae
zly Vy) A (zle(y)) = c(z)

T

(

(

(

( e

(z Vyle(x) Ay) Ae(z) = c(z Vy)
(zVey)AN(zVy) =xVz
(xVezlyVy)=clz)Vc(y)
($V$|y/\z)—c($) (yl2)
(zle(y) N2) =y V (2|2
(96\/(96\/2/|y)) c(z) =c(z Vy)
|(z V(@) Ax) = c(z)
ANyAz)=yA(zVa)

AN

(z
A (yVy)=yA(xAy)

I
I
I
[10]
I
[13]
I
[16]
[7,18,18]
[14:18]
[11:18,18]
[8:18]
[19,21,21]
[17 — 20]
[20 — 22]
[20 — 22]
[17 — 22]
[27:33]
[22 — 20]
[20 — 24]
[22 — 24]
[24 — 24,21]
[22 — 24,33]
[17 — 24]
[24 — 20]
[32 — 32]
[20 — 32]
[32 — 24]
[32 — 22]
[32 — 22]
[45:58]
[20 — 47,21]
[47 — 20]
[35 — 26]
[17 — 26]
[71]
[26 — 24]
[26 — 20,21]
[32 — 37]
[32 — 37]
[20 — 69,21,21]
[69 — 26]
[20 — 29]
[41 — 20,33]
[32 — 49]
[41 — 49,21]
[22 — 49,33,58,33]
[32 — 57]
[32 — 31]
[26 — 31]
[132:157]
[61— 71]
[71 — 20,21]
[184]
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200

203

214

218

223

226
246,245
250,249
251

253

279
331,330
338,337
342

348
357,356
367,366
373,372
391,390
392

400

401

409

420

434
466,465
468,467
469

479

486

488

515

548
641,640
648,647
662

684

688

700

704

790
803,802
845

868

927

928
1154
1156
1163
1166
1241,1240
1291
1384
1456,1455

xV(yVva)=yV(
zV(yVy) =yV(
(zle(y A )| (ylz v x)
cAYA(zAu)=2A(x
xAc(yVz)=cly) A(zAc(z))
cAYA(zAW)=yA (AT Au))
zA((zVe(x)ANx)=zVe
(c(@)|(z[(z V c(z)|2))) =
((zly vV y)l(yl(z|y
((zly A 2)[(yl(z]2
(@AylzA(yVy)
Ex\/(y\/ac)|y\/c

xV
xV

A~ — —

xly Az)V (ylz Ve c(y
clxN(yVy)) =clyA(zAny))
((zly A 2)|(yle(x))) =y
((z[(z]y) Ny)lz Ay)

(zVvy V(zVy) ==

xV
|
zle((z Ay) Ay))le(z A ij)

< |l

—~
&

(c(@) Nyly) = c(c
c((x ANy) Ay)) A

&
> —

(x

((
(xVa)A(yAz)=clc(z
cle(z) v (ylz)) = (x Vo) Ay A z)
x A (c(y) Ax) =c(y Vc(z))

(x

((c(@)]y c
(zle(y Vv 2)) =y V (z]c(2))

zV (zV ((c(@)y)|y)ly) = (c(2)]y)
zV (c(y)]z) =y V (c(z)|2)

(z Vv (yl2)|(yl(c(x)]2))) =y

c(x Vv (y[2)) =y A (c(x) A 2)

z A (c(y) Nz) =c(yV (z[2))

zly Ax) A (yle(x)) = c(y)
(@ly v )l ((yle)]x Aely))) ==
((xle(y))le(z)) = ((z|y V y)|e(z A c(y)))
((z|z vV z)|c(z Ac(x))) =
(z[(zly) Ny) Az Ay) =2 Ny
c(x) A (z|(x V e(x)]z)) = c(2)

z Vv e(y)|(yl(e(@)]y)) =y

(zly vV y) A (Yl(zy) = c(y)

zV ((z]e(z))le(y) =z Vy

( =

(x[y A z) A (yl (2 (v)

(c) v {y v el)ly v (2 v 2)) = ely)
(xA(yhx)Vz=(yA(zVa)Vz
xV(yVvz)=yV(zVz

$Ans(AJ)

zV ((xle(x))ly Vy) =2 Vc(y)

zV ((zle(x))ly A z) =z V (y]2)

zV (ylz) =z V ((z]c(z))|y A 2)

(zle(z)) Ae(z Vy) = c(z Vy)

(zly vV ((yVy) Vy)) =cly)V(zlyVy)
(zle(ely) Nz))|y Ve(z)) =
(c(x)V(yVel@)AyV(rve)=yVy
c(x) Ay A (z|(zVe(z)|z))) =y Ac(z)

47

[37 — 74,23,58,33]
[200]
[74 — 24]
[77 — 77]
[37 — 77]
[218]
[176 — 20,33]
[176 — 39]
[74 — 39]
[26 — 39]
[184 — 74]
[203 — 41,58]
[71— 53]
[74 — 53,338]
[71— 55]
[26 — 63]
[37 — 72,38,23,38,33]
[B31— 72]
[72 — 49]
[72 — 24]
[20 — 78]
[400]
[185— 81]
[203 — 118,58]
[118 — 74,54]
[37 — 156]
[63 — 156,157]
[31 — 156]
[156 — 39]
[156 — 20]
[486]
[348 — 20]
[69 — 75,33]
[122 — 74,54]
[47:641]
[26 — 94]
[249 — 20]
[57 — 251]
[251 — 20]
[43 — 96,23,23,157,161,466]
[41 — 253]
[253 — 20]
[32 — 330]
[342 — 22,23]
[22 — 465,23]
[927,1]
[32 — 704]
[20 — 704]
[1156]
[704 — 486,38]
[74 — 155,367]
[57 — 214]
[32 — 420]
[684 — 77]



1477
2081
2100
2105
2119
2137
2198,2197
2648
2652
2817
2935
2936
2981
3112,3111
3169,3168
3201,3200
3212
3217,3216
3228
3264
3283,3282
3290
3298
3306
3312
3390,3389
3406,3405
3430
3432
3538
3580
3593,3592
3650
3663,3662
3664
3668
3683
3692
3748,3747
3788,3787
3809
3871
3955
3976,3975
4022
4029,4028
4115
4192,4191
4196,4195
4214,4213
4236,4235
4252,4251
4274,4273
4300,4299

c(x) Ve(y) A (yl(z V zly) = c(y) [146 — 700]

(

((zly) V (z Ay)le(z)) == [96 — 392,30,391]
(xVe@)|yA(zAz)=(ylzAz) [253 — 2081,803,21]
(c(z) V (zVx)le(x)) = [176 — 2081,246]
(zlyVy)V(yA(@Ay))ley) =y [74 — 2081]
((zly A 2) V(YA (@ A2))le(y) =y [26 — 2081]
xV ((c(z) ANy) Vele(z) Ay)ly) = (e(z)|y) [469 — 2105,21,21,373,21,157]
clxVv(yva)Vz=clyV(zVa)Vz [37 — 868,38,82,33]
c(lzV(yVy)Vz=clyV(zVy)Vz [2648]
xV (yl(z|e(x)) Ay) = x V e(y) [71 — 1154]
(@ly) vV (zly Vy) = (yl(z Ay) vV (zAy)) [102 — 279]
(@|(y Ax)V(yAx)) = (ylz) V (ylz V z) [2935]
(xva)A(yA(zVce(r) ANy)) =cle(z) Vcly)) [2817— 401,33,58]
zV (yV ((zlc(x))]z) =y V (c(x)]2) [469 — 1163,157]
(zVe(x)|z Ay) = (zly) [662 — 2100,357]
(z|(z v e(x)) Ny) = (z]y) [26 — 3168]
(@[y) A (z[(z v c(2)]y)) = c(x) [3168— 802]
((z[Y)|(z](z V e(2)]y))) = @ [3168— 253]
(zVe@)AN(xAy)=xzAy [3168— 20,21]
xA((zVe(x)Ay) =z Ay [3200— 20,21]
s AYA(zVe@)ANz)=xzAN(YAz) [226 — 3228]
((z Ve(@) Velx Velz))z Ay) = (x]y) [3228— 3168,3169]
(x]e(z)) A (c(x) ANy) = c(z) ANy [467 — 1166,21,468,21]
c(x) A (e(z)]e(z) V a) = e(x V e(x)) [1477 — 3264,33,82,60]
(z|((x Vc(z)) Ve(z Ve()) ANy) = (z|y) [3264 — 3200,3201]
c(z V ((z|e(@))|y)) = c(x) Ay [488 — 3298]
(zV ((z|c(x)|y) Vz=(c(z)ly) V 2z [3298— 29,30,157]
xV ((zle(@)]y) = (c(z)|y) [3389— 2105,3390,367,3406,3112,54,157,2198]
@)V (zVe(z)ly) = (xValy) [32 — 3430,58,33]
(z Vv z|(z|(c(x)|z))) = c(x) Vo [688 — 3432]
(zxV(zVa)(xVe)Vc(r) =cz) V() [3538 — 479,33,60,62,33,33]
((z|e(y) V(A ce(y)|y Vy) = cly) [684 — 2137,1456,33]
(c(z)|z) = (z|e(x)) V (z A c(z)) [3200— 548,21,3593,641,648,21]
(xVe(x)Ve(zVe(r)) =clz)Va [32 — 3650,60,33,58,33,82]
(z|(c(x) V) ANy) = (z|y) [3312:3663]
(c(z) V x|z Ay) = (z]y) [3290:3663]
c(z) V (c(z) A x) = c(x) [3650— 434,3593,60]
(xva)Vele(x)Va)=az Ve [32 — 3683,33,79,33]
(c(@)|((z V) V() Ay) = (e(z)ly) [32 — 3664]
(e(x) ValzVa)=-clx) [74 — 3664,18]
c(x) A (c(x) V zle(x)) = cle(x) V x) [3664 — 515,18]
(c(@)|(z|(c(x) V z|x))) == [3787— 251]
((zAy) V(z|y)|e(z)) = [3212— 3668,21,3217]
((xVz)Vece(r)le(x)) = [684 — 3668,33,250]
((xvz)Ve(r)|zVa)|e)=(zVar)Velx) [3975— 55]
(z|((x V) Ve(r)z)) = (x V)Vl [3975— 24]
((e(@) Ay Ae(2))) V(2 V (yle(2)))le(y) =y [223 — 3955,466]
c(z)Ve=(zVaz)Vcx) [3692 — 1291,52,141,52,33,33,367,1241,3788,147,33]
c(x) Nz =c((xVzx)Vc(r)) [3809:4192,3976,4192]
(c(x)|(zVa)Ve(x) = [3871:4192,4029]
((xva)Ve(z)zVe)=clx [3787:4192]
(xVe(r) Vel Velx)) = (zVa)Velx) [3662:4192]
c((xvVa)Ve(r)) =clzVc(r)) [3306:4192,4214,4196]
(c(z)|z) = (z V) Ve(x) [4022:4236]
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4401
4446,4445
4501,4500
4503,4502
4512
4556,4555
4610,4609
4647,4646
4833,4832
4834
4845,4844
4846
4850,4849
4905
4907
4919,4918
4922

4931,4930
4981

5019
5074
5078
5088
5095
5116
5122
5151
5157,5156
5160
5237
5257,5256
5260,5259
5263
5268,5267
5271
5301
5303
5329
5349,5348
5366
5370
5417,5416
5431
5435
5499,5498
5506,5505
5547,5546
5549,5548
5553,5552
5557,5556
5572
5595

c) Nz =c(zVe(x))
xAe(xVe(x)) =clxVe(x))
(xVz)Ve(r)=aVc(r)
(2 v e(@)le(z)) = @
2V (e(x) V e(z))le(@) = 2V 2
c(x) Ve =z Vc(x)
c(x) Vex) = c(x)
rVr=x
z Ay = c(c(z) Vely))
$Ans(DM)
(aly) = e(2) V c(y)
$Ans(DEF_SS)
clxv(yva)Vz=clyvVz)Vz
cle(x Ve(y) Velr Vy)) =
$Ans(CUT _rewritten)
(v e(y)) V eV ) = c(z)
cle(zr)Vy) Ve =x

[4195:4274]
[4401— 409]

[4401— 356,4300,3748,4300,466,33,4236,4300]

[4401— 2119,58,4446,4252,4501]
[4401— 43,18,33,466,33,18,52,18,33]
[4191:4501]
[3580:4501,331]
[4512:4610,4503]
[2981:4647,3283,36,4647]
[4832,2]

[2936:4833,4833,4647,466,33,4647,18,4647,4647]

[4844,5]
[2652:4647]
[1384:4647,4833,4850,4647]
[4905,4]
[845:4647,4845,4850]

[640 4845,33,4647,4845,33,4647,4647,4845,4833,33,4647,33,4647,4845,4919,33,4647]

c(e(x)) =
(@ V (e(y )

2)VelxVic(y) V) Vy =y

[32:4647]

[4115:4833,4931,4833,4931,4931,4845,4931,4556,4845,4931]

c(zV(c(zVy)Vely)Ve=zVy
xV(yVe)=yVa
zV(c(zVy)Vy)=(zVy) Vec(zVy)
mV(yVC()) c(y) vV (zVy)
)=y V(zVe(x))

(zVy)Vel@Vvy) =zV(yVelzVy))
c(@V ((c(y) v 2) Vel V(c(y) V) Vy =y
xVe(yVelz)) =

(zVy)Vez=zVy
zV(yVe(zVy))=(zVy)Vc(y)
c((zV(c(y) Vz)) Vele(y) Vz)Vy=y
(zVy)Ve(@Vy) = (zVy)Vely)
c(x)V(yVa)=zVc(x)
zV(yVe(y) =yVely)
xV(yVelxVz)=yV(xVece(z))
(zVy)Vely) =yVecly)
(zVy)Ve(@Vy) =yVcly)
c(xVe(x)Vy=y
xVe(yVely) =z
zVe(z)=yVc(y)

/\,.\
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[790:4833,4845,4931,4931,4845,4931]

[4646 — 927]

[927 — 4555]

[4555— 927]

[5088]

[4930— 4922]

[927 — 4922]

[5074 — 4922]

[4930— 5151]
[5019:5157]

[5074— 5122]

[4930— 5160]

[5156— 5160,4931]
[5116— 5160,4931,5257]
[5078:5260]

[4981:5268]

[5237 — 5256]

[5122 — 5256]

[4930— 5301]
[5301— 5256,4556,4931]
[5156 — 5303,4931]
[5116 — 5303,4931]
[5366 — 5256,4556,5268]
[5271:5417]

[5267:5417]
[5329 — 5256,4931,4931]
[5095:5499]

[5263 — 927]
[5416:5547,5349]
[5435:5549]
[5431:5549,5553]
[5556 — 5370,5557]
[6572— 5263,4931,5506]



5596

$Ans(ONE) [5595,3]

Proof BA-SS-2

99
110,109
111
122,121
123
125,124
131

149

154

156

161

221

223

424

425

(A[((BIO)(B|C))) # (B|((A|C)|(A[C))) | $Ans(A-SS) I
((A[(BIB)I(A|B)) # A | $An8(CUTfSS) I
AV B # ((A|A)|(B|B)) | $Ans(DEF_J) I
AN B # ((A|B)|(A|B)) | $Ans(DEF_M) 0
c(A) # (A]A) | $Ans(DEF C) I
xV(yVz)=yV(rVz) I
Ay = c(c(z)Ve(y)) 0
(@Ve)N(zVy) = 0
cle(xVely)Ve(xVy)) =z [11,9]
(zly) = c(z) V c(y) I
(@) Vely) = (z(y) [14]
zV(zhy) ==z I
zVe((zly) == [17,9,16]
cle(z)) == I
c((xVely)lzVy) == [12:16]
Ay = c((z]y)) [8:16]
zVe(y) = (c(z)ly) [20 — 15]
zV (ylz) = c(y) V (z V() [15— 7]
c(x)V(yVe(z) =yV(z[2) [42]
c(z) = (z Ve(y)lz Vy) [22 — 20]
zVe(y)lzVy) = c(z) [84]
zVy = (c(z)|c(y)) [20 — 34]
(c(z)|(zly)) == [18 — 34]
(c(@)le(y) =z Vy [94]
c(z) = (z]z) [96 — 96,21]
$Ans(DEF_C) [109,5]
zVy = ((z[z)|(yly)) [99:110,110]
$An5(DEF,J) [121,3]
((z]2)[(z]y)) = [96:110]
(((xlw)ly)I((mlx)I(ny))) = (z|z) [90:110,122,125,122,110]
@|(((Wlw)])(Wl)|2)) = (yly)|(z]2)[(z]|2))) [43:110,110,122,125,122,125,122]
Ay = ((z[y)|(z]y)) [24:110]
$Ans(DEF_M) [154,4]
((zy)|[(z|(yly))) = [124 — 131,125,125]
((](yly)|(z]y)) = [124 — 161]
$Ans(CUT_SS) [221,2]
(@|((yl2)(y]2)) = (yl((z|2)|(z]2))) [124 — 149,125,125]
$Ans(A_SS) [424,1]

The following two Mace2 jobs show that tif®4 2-basis{A_SS, CUTSS} is independent.

Countermodel BA-SS-a

fFf(y.y)).f(xy)) = x. % CUT_SS
f(A,f(f(B,C),f(B,C))) '= f(B,f(f(A,C),f(A,C))). % denial of A_SS
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= olo
R olk

f:

C:0 A: 0 B:1 0
1

Table 28: BA-SS-a.out

Countermodel BA-SS-b

f(x,f(f(y,2),f(y,2))) = f(y,f(f(x,2),f(x,2))). % A_SS
f(f(A,f(B,B)),f(A,B)) = A. % denial of CUT_SS

f:
B: 0 Al 0
1

o OO
o ol

Table 29: BA-SS-b.out

2.3 Finding and Proving the Multiequation Bases

See the primary paper [8].

2.4 Are There Simpler Multiequation Bases?

See the primary paper [8].

3 Single Axioms

See the primary paper [8].

3.1 Generating and Filtering Candidates

See the primary paper [8].

3.2 Finite Ortholattices

See the primary paper [8].

3.3 Collecting and Applying Filters

We list here five filter sets. The first four, non-OL.A-4, non-OL.B-9, non-OL.C-23, and non-OL.D-14, are all
non-ortholattices, meaning that they can be used to eliminat®ahyy) ML, MOL, or BA candidate.

The fifth set, non-MOL-OML, consists of nonmodular orthomodular lattices, which can be used to eliminate
MOL or BA candidates.
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Filter Set non-OL.A-4

Table 30: Structure 1 of non-OL.A-4

01 2 3 4 5

f:

0|5 2 4 1 3 0

113 3 0 0 3 O
21 0 1 1 0 O
3/4 0 4 4 0 O

4,2 2 0 0 2 O
5/0 0 0 0 0 O

Table 31: Structure 2 of non-OL.A-4

0 1 2 3 4 5

f:

0|5 3 1 4 2 O

112 3 0 0 2 O
2|4 01 4 0 O
3/!1 01 4 0 O
413 3 0 0 2 O

5/0 0 0 0 0 O

Table 32: Structure 3 of non-OL.A-4

0 1 2 3 4 5 6 7

f:

07 6 5 4 3 2 1 0

116 6 0 0 3 2 0 O

2/5 0 5 0 3 0 1 0O

3/4 0 0 4 0 2 1 O

413 3 3 0 3 0 0 O
5/2 2 0 2 0 2 0 O

6/1 0 1.1 0 O 1 O
7/0 0 0 0 0O O O O

Table 33: Structure 4 of non-OL.A-4

Filter Set non-OL.B-9

Table 34: Structure 1 of non-OL.B-9

52



f]o 1 2 3
01 0 3 2
1/0 0 0 0
2(3 0 1 0
3/2 0 01

Table 35: Structure 2 of non-OL.B-9

flo 1 2 3
o1 1 3 2

1/1 0 0 O
2|3 0 3 O
3|2 0 0 2

Table 36: Structure 3 of non-OL.B-9

f]o 1 2 3
03 2 1 0

112 2 0 O

211 0 1 1
3/0 0 0 O

Table 37: Structure 4 of non-OL.B-9

f]o 1 2 3

0/j0 2 0 2

10 2 0 2

2|11 3 1 3
3/1 3 1 3

Table 38: Structure 5 of non-OL.B-9

f£lo 1 2 3

03 2 1 O

112 2 0 O

211 0 1 O
3/0 0 1 O

Table 39: Structure 6 of non-OL.B-9

0 1 2 3 4

f:

0/0 2 1 4 3

112 3 0 1 4
211 0 4 3 2

3/4 1 3 2 0

413 4 2 0 1

Table 40: Structure 7 of non-OL.B-9
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Table 41: Structure 8 of non-OL.B-9

—

ab~rwNPEO

OFrRLNWMOOO
QOQONWHPIDPE
OPFP O WWwWWwWN
OFRP NONDN®W
OFrRRFPPFORPS
OO OO OoOou

Table 42: Structure 9 of non-OL.B-9

Filter Set non-OL.C-23

Table 46: Structure 4 of non-OL.C-23
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Table 47: Structure 5 of non-OL.C-23

WN Pk O™
NWER RO
OO0 ORIk
oOwo wmN
N OO NW

Table 48: Structure 6 of non-OL.C-23

WNPF O™
R ONNO
RO WWwlk
, O OoOolN
P ORRPW

Table 49: Structure 7 of non-OL.C-23

WNPFR O™
ORr N WO
O ONNEK
Or ORN
Or OoOOolw

Table 50: Structure 8 of non-OL.C-23

WN PO
Pk OOolo
W wWN NP
PR OOolN
W wN N w

Table 51: Structure 9 of non-OL.C-23

WN Pk O™
P WwWN oo
N O R Wk

N W RN
Wk OoONw

Table 52: Structure 10 of non-OL.C-23
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0 1 2 3 4

f:

0/0 2 3 4 1

113 1 4 2 O

214 0 2 1 3

3/1 4 0 3 2
412 3 1 0 4

Table 53: Structure 11 of non-OL.C-23

0 1 2 3 4

f:

0/0 3 4 1 2

112 1 0 4 3

213 4 2 0 1

3/4 2 1 3 O

411 0 3 2 4

Table 54: Structure 12 of non-OL.C-23

0 1 2 3 4

f:

0/0 2 4 1 3
111 3 0 2 4

212 4 1 3 O

3|3 0 2 4 1
414 1 3 0 2

Table 55: Structure 13 of non-OL.C-23

0 1 2 3 4

f:

0/0 2 1 4 3
112 3 0 1 4
2/1 0 4 3 2
3/14 1 3 2 0

413 4 2 0 1

Table 56: Structure 14 of non-OL.C-23

0 1 2 3 4 5

f:

0/5 3 4 1 2 O

113 3 4 0 0 O

2|4 3 4 0 0 O

3/!1L 0 0 1 2 O

4,2 0 0 1 2 O

5/0 0 0 0 0 O

Table 57: Structure 15 of non-OL.C-23
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0 1 2 3 4 5

f:

0|5 3 4 1 2 0

13 3 3 0 0 O
2/4 4 4 0 0 O

3/!17 0 0 1 1 O

412 0 0 2 2 O

5/0 0 0 0 0 O

Table 58: Structure 16 of non-OL.C-23

0 1 2 3 4 5

f:

0|5 4 3 2 1 0

114 4 3 2 0 O

2/3 3 3 0 1 O

3|2 2 0 2 1 O

4/1 0 1 1 1 O
5/0 0 0 0 0 O

Table 59: Structure 17 of non-OL.C-23

0 1 2 3 4 5

f:

0/5 2 4 1 3 0

113 3 0 0 3 O
21 0 1 1 0 O
3/4 0 4 4 0 O

4,2 2 0 0 2 O
5/0 0 0 0 0 O

Table 60: Structure 18 of non-OL.C-23

0 1. 2 3 4 5 6

f:

0/0 2 1 4 3 6 5

113 5 4 0 2 1 6

2|4 3 6 1 0 5 2

3/!5 1 3 2 6 0 4

416 4 2 5 1 3 0

5/2 6 0 3 5 4 1

6|1 0 5 6 4 2 3

Table 61: Structure 19 of non-OL.C-23

ol mNndo o
wOom<t AN
S moOonwo N H
MITOOMmMO AN
N[HoN©OL<S ™
—AlNHOWLOm<
cloNAdAS ™m©OLW
sjoHNMm < W0 o

Table 62: Structure 20 of non-OL.C-23
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Table 63: Structure 21 of non-OL.C-23
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Table 64: Structure 22 of non-OL.C-23
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Table 65: Structure 23 of non-OL.C-23

Filter Set non-OL.D-14
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f]o 1 2 3
00 1 2 3

112 3 0 1

213 2 1 0

3/1 0 3 2

Table 66: Structure 1 of non-OL.D-14

f]0o 1 2 3

0/0 1 3 2

112 3 1 0

2,0 1 3 2
3/2 3 1 0

Table 67: Structure 2 of non-OL.D-14

f]0o 1 2 3

0/0 0 1 1

112 2 3 3

2|1 1 0 O
3/3 3 2 2

Table 68: Structure 3 of non-OL.D-14

f]0o 1 2 3

0jo0 2 3 1

11 3 2 O

2|12 0 1 3

3/3 1 0 2

Table 69: Structure 4 of non-OL.D-14

flo 1 2 3

02 2 0 1

113 3 0 1

2,0 0 0 1
3|1 1 0 1

Table 70: Structure 5 of non-OL.D-14

0 1 2 3 4

f:

0/0 2 3 4 1

114 0 2 1 3

211 4 0 3 2

3|2 3 1 0 4

413 1 4 2 0

Table 71: Structure 6 of non-OL.D-14
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0 1 2 3 4

f:

0/0 2 3 4 1

11 3 0 2 4
212 1 4 0 3

3/3 4 2 1 0

414 0 1 3 2

Table 72: Structure 7 of non-OL.D-14

0 1 2 3 4

f:

0/0 2 3 4 1

113 4 2 1 O

214 0 1 3 2

3/1 3 0 2 4
412 1 4 0 3

Table 73: Structure 8 of non-OL.D-14

0 1 2 3 4

f:

0/0 1 2 3 4
112 3 4 0 1

214 0 1 2 3

3/1 2 3 4 0

413 4 0 1 2

Table 74: Structure 9 of non-OL.D-14

0 1 2 3 4

f:

0/0 1 2 3 4
112 3 1 4 O

23 0 4 2 1

3/4 2 0 1 3

411 4 3 0 2

Table 75: Structure 10 of non-OL.D-14

0 1 2 3 4

f:

0/0 2 3 4 1

114 0 1 3 2

211 3 0 2 4
3/2 1 4 0 3

413 4 2 1 O

Table 76: Structure 11 of non-OL.D-14

0 1 2 3 4

f:

0/0 2 1 4 3

113 4 2 0 1

214 1 3 2 0
3|2 3 0 1 4
411 0 4 3 2

Table 77: Structure 12 of non-OL.D-14
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Table 78: Structure 13 of non-OL.D-14

0 1 2 3 4 5 6

f:

0/0 2 1 4 3 6 5
1/3 1 5 0 6 2 4

2|4 6 2 5 0 3 1

3|6 5 4 3 2 1 0

415 3 6 1 4 0 2

5/2 4 0 6 1 5 3

6|1 0 3 2 5 4 6

Table 79: Structure 14 of non-OL.D-14

Filter Set non-MOL-OML
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Table 80: Structure 1 of non-MOL-OML
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Table 81: Structure 2 of non-MOL-OML

61



™ N N - N
9y 1ﬂ111111 11
N ™M < — -l

N9 — 00 A< o © B
— [oNe] — o - O —

G99 =9 g -
Ol "0 d0NAANQ— oo

— — —
|+ 0000 A—AA 00—
VHODOANNAT O 4 NO < N
— — — —
Nt dAddddd YA A A<
O M A A AAM A~ A A
A NAAANAANANAAA
— — — N 0 — o N
< N~ 0 N~ = N oo N
NHOAOAdAAAA A A A A A
N[HEHOWO A0 A O 00O
— —

AlHOWLONMNNMNMT OO MAN
o
Ofddddd A d A d A A A
ClOHA NN ON~NOOOOAdNM
—A

Table 82: Structure 3 of non-MOL-OML
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Table 83: Structure 4 of non-MOL-OML
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Table 84: Structure 5 of non-MOL-OML
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Table 85: Structure 6 of non-MOL-OML
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Table 86: Structure 7 of non-MOL-OML

63



51M11111111111114
—
Sl A A A A A A A= =LA
— — =
DM N AT A A AAAAAAA AN A A
— — —
N1V A A A A AAAAT AN A Ao
R — B
Al AO A d A A A A A AT O A A A
R — —
Oldd A d A A A A A oA A A A
e — —
O+ 00 —AWA—A—AA0W0—d A A A
Ol HOOFTANNAT O oA A A A
NEaS A A AAT T A A Ao
Ol AA—AAM A A A
AN AANN A AN A A A A A A A
SlANMNOANMNNAANOWO A A oA Ao
NHO A0 AAAAAAA A A A A A
N[O AW AAT T O A A AAAA
AlHOMMONMNNMTTODOAOMAN LS
A A A AAA
OfdAddAd A A A A A AAAA A A A
O N M NDONOODOANMS D
AdA A A A

Table 87: Structure 8 of non-MOL-OML
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Table 88: Structure 9 of non-MOL-OML

3.4 Trying to Prove That Candidates Are Single Axioms

See the primary paper [8].

3.5 Single Axioms forOL, OML, and MOL

The single axioms for the varieties under study are the following.
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For each, we prove that it is equivalent to the multiequation Sheffer stroke basis for that variety given in
Section 2.2.

3.5.1 A Single Axiom for Ortholattices

We list in this subsection three Otter proofs:

1. OL-Sh implies the join/complement bag§isJ, B1, DM, CC, ONE.
2. OL-Sh implies the Sheffer stroke ba$hk_SS, BSS, ONESS}.
3. The Sheffer stroke bas{#\_SS, BSS, ONESS} implies OL-Sh.

The first two prove essentially the same theorem—either one is sufficient. For the first proof we have rewritten
the goal B1 to eliminate the meet operation; this allows a convenient forward proof.

Proof OL-Sh-jc

1 AV (BVC)#£BV(AVC) | $Ans(AJ) I
2 AVe(c(A)V B) £ A | $Ans(Bl_rewritten) I
3 ANB #c(c(A)Ve(B)) | $Ans(DM) I
4 c(c(A)) # A | $Ans(CC) I
5 AV ec(A)#BVe(B) | $Ans(ONE) I
6 (A|B) # c(A) vV e(B) | $Ans(DEF_SS) I
8 (@[N] ((z]z)]z))]2)) =y I
10 zVy = ((z|2)|(yly)) I
11 ((zl2)(yly)) =z Vy [10]
13 z Ay = ((z[y)l(x]y)) I
14 ((@Yl(zly) =z Ay [13]
16 c(z) = (z]x) I
18,17 (z]z) = c(x) [16]
20,19 c(zly)) =z Ay [14:18]
21 (c(z)le(y)) =z Vy [11:18,18]
23 (@[ [(]2) )] (W[ ((yl(c(@)|2))[2))) =y [8:18]
31,30 cle(x))=xVa [17 — 21]
35 c(x) Ne(y) =c(zVy) [21 — 19]
38,37 clxVe)=clx)Vc(r) [30 — 30]
41 (c(z)ly Vy) =2z Vc(y) [30 — 21]
44,43 (xVale(y)) =c(z) Vy [30 — 21]
45 (((z v yl(c(y)]2)) )| (c)]((c(y)|c(z) V z)|2))) = c(y) [21 — 23,31,44]
47 (((c(@)[(@ly)]2)](z]((z](c(@)]z))]y))) = = [17 — 23]
49 ((@lcm)ly v 2)[w)|(c(y)|((c()|(c(@)|))c(2)))) = c(y) [21 — 23]
53 (([y)](]((z[((z]z) A (z]u)|((z]z)|(z[u))]((z](c(2)]2))|w))) = 2 [23 — 23,20]
55 ((z Vv zly)|(|((z](c(@)|2))|z)) =« [17 — 23,18,31]
71 (xVa)Acly) =clc(z) Vy) [30 — 35]
84,83 (xVzlyVy)=clx)Vcly) [30 — 41]
131 (@ Vyly vV 2)|u)|(cy)|((cy)|c(@) V z)|c(2)))) = c(y) [21 — 49]
139 (@ v yl(c)l(c)le(x) v @)))l2)[(c(y)le(y) A (c(z) V @))) = c(y) [17 — 45,20]
151 (@Va)A(yVy) =clc(z) Vc(y)) [30 — 71]
259 (((c(z) Vyly v 2)u)|(c(y)|((c(y)(z V) V e(z))]e(2)))) = c(y) [43 — 49,38,84,31]
263 ((zle(y)) A (y v 2)|(c)|((cy)|(c(2)]x))]e(2)))) = c(y) [17 — 49,20]
467 (c(@)|(z[((z](c(@)]z))]y))) = = [53 — 47]
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469
526,525
531
661
700,699
701
725,724
726
727

730,729
731
740

755,754
762
782

794
800

810
813,812
816
819,818
822
831,830
834
871,870
872
875,874
980
1030
1060
1072
1074
1075
1093
1143
1151
1220,1219
1243
1253
1257
1322,1321
1335
1359
1383
1429
1439
1442,1441
1453

(@ Vylc)((c(y)le(z) v )|2))) = c(y) [53 — 45]

rVr=x [53 — 467,18,18,31]
(c(@) A (z[)|((c()|(z|y))|2) = (c(z)|(z|y)) [47 — 467,20]
(((e(x) Vyly v 2)|[u) | (c(m)((c(y)|z V c(x))|e(2)))) = cy) [259:526]
z Ay = cle(z) V c(y)) [151:526,526]
$Ans(DM) [699,3]
(zly) = c(x) V c(y) [83:526,526]
$Ans(DEF_SS) [724,6]

cle(z) Ve(y)) Vele(x) Ve(ele(x) Ve(x Ve(r))) Ve(r))) =
[55:526,725,725,31,526,725,725,725,725]
cle(x)) ==z

[30:526]
$Ans(CC) [729,4]
(@ Ve(e(x) vV e(y)) V ele(@ V e(e(z) V ey))) V e(@)) = 2 V e(c(z) V c(y))
[531:725,700,730,725,725,730,725,725,730,725,725,730]
(elew) V) V ely v 2)) V ey V ele(y V ofa v e(2))) V 2) = cly)
[263:725,730,700,725,730,725,730,725,730,725,730,725,730]
clele(w v ) v ely V ey V elel(@) v @) V e(2) V ey V (y V el(elw) V 1)) = e(y)
[139:725,730,725,730,725,725,700,730,725,730,730,725]
cle(ele(@) Vy) Vely V 2)) Ve(uw) Vely Veley V ez Ve(z))) v z) = cly)
[661:725,725,725,730,725,730,725,730,725]
clxVy)VelyVelelyVele(z) V) Ve(z)) =cly) [469:725,730,725,725,730,725]
elele(z V) v ely v 2)) V e(u)) V ey V e(ely V ele(w) V ) v 2) = e(y)
[131:725,725,725,730,725,730,725,730,725]
\)/);(ac) YVe(x)) == [729 — 727]

-z [525 — 727]
cle(r)Vy)y Ve =x [810:813]
c(x Vy)Ve(r) =c(r) [729 — 816]

[740:819,730]

xV(zVy =zVy [818 — 818,730,730,730]
cle(e(z Vy) Vely Vely Vele(r) Va))) Ve(z) Vely Velez) V) = cly) [762:831]
(xVele(z)Vy)) Ve =axVe(e(r) Vy) [729 — 822,730]
((zvy)va)V(zVy) =(xzVy) Ve [818 — 822,730,819,730]
(c(z) Ve(zVy))Ve(r) =c(x)VelxVy) [818 — 872,819,819]
(cle(z) Vy) Ve(yVz))Vely) =cy) [754 — 830,755]
c((xVy)Velz)Velx Vele(zVele(zVy)V(eVy)) Vy)) = clx) [816 — 782,730,730]
(c(xVy)VelyVz))Vely) =cly) [729 — 980]
zVele(x)Vy) =z [818 — 980,730,730,871,730]
$ Ans(B1_rewritten) [1072,2]
c(x) Velx Vy) =c(z) [816 — 980,875]
(xVy)Vx=axVy [818 — 1072,730]
(xVe(e(xVy)Vz)V(eVy) =xVy [1075— 1060,730,730,730]
(clzVe(yva)Vy V(yVvz)=yVz [818 — 1060,730,730,730]
c(zVy)Vely) =cy) [818 — 794,730,526]
clxVvely)Vy=y [729 — 1219,730]
xV(yVe)=yVa [1219— 816,730]
c(z) Ve(y V) =clx) [1219— 1093,1220]
clx Vele(xVelc(y) Vy)) Vz)) =clx) [1243 — 800]
c((x Vy)Ve(z) Ve(r) =c(x) [1030:1322]
c((xVy)Vz2)Ve(x) =c(x) [729 — 1335]
cle(x)Vy)Vz)Vae =z [729 — 1359,730]
ez Velely) Vy)) = c(x) [1243— 834]
c((xVely)Vz)Vy=y [1253— 1383]
c(zV(c(y)Vz)Vy=y [1253 — 1383]
zV(c(y)Vy) =cly) Vy [1243— 1429,730,730,730]
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1457 (c(x)Va)Vy=clz) Ve

1532,1531 c¢(zV (yVe(z))Vz==z

1583 xVelyVie(x)Vz)=x

1617 cx)Ve=cly)Vy

1618 zVe(x)=cly)Vy

1619 c(x) Ve =yVc(y)

1641,1640 (zVy)V(yVz)=yVz

1656 zVe(r)=yVely)

1657 $Ans(ONE)

1686 clx Vv (yV=z)Ve(z) =c(z)

1710 zVe(yV(zVe(r))) ==

1758 c()VelyV(xzVz))=c(x)

1846 zVy=yVz

1881 c(x)Ve(yV (zVr)) =c(x)

2012,2011 (zVy)V(zV(zVy))=zV(2Vy)

2081 (xVy)V(yV(zVvz)=yV(zVz)

2089 (xVy)V(yVv(zVz)=yV(zVz)
10276,10275(z vV (yV z))V(yVz) =z V (y V 2)

10439 (xVy)V(zVy) =2V (zVy)

10467 xV(yVvz)=(yVz)V(zVz)

10981,10980 (x Vy) V(2 Vy) =z V (2 Vy)

11000 xV(yVz)=yV(zVz2)

11001 $Ans(AJ)

Proof OL-Sh

1 (Al((BIO)(B]C))) # (BI((AIC)|(A[C))) | $Ans(A-SS)
2 ((AJA)[(A[B)) # A | $Ans(B.SS)

3 (A|(A|A)) # (B|(B|B)) | $Ans(ONE_SS)
77,76 (I (I (Yl ((z]2)]2))]2))) =y
79,78 (@) (] ((@[((((z]2)|(x]w)[((z]2)](@]u)))|((z]x)
80 (@ (@) [(((=[y)[(((z|2)|(z]x))[(z|2)))|uw)) = (z]y)
82 (@|I(((=[y)](yl2)]y) = ((z]y)[(yl2))

84 ([((z]y)|(((z]2)|(z]))|(2]2)))) = (z[y)
87,86 (=)D w)I(yly)) =y

88 ((z|2)|(z]z)) =«

90 (@[ ((2|((@|2)|ly)](z]x))) = (z]((z]x)]y))

92 (@[ ((2|y)[(z[(x]2)))) = (z|y)

94 (Wl I((Zl2)]x) =y
96 (z[((z]y)|(z[y))) = (z]y)

99,98 ((zly)|(z]x)) = =

100 ()l (yl2)|u)|(yly)) =

102 (| ((z]z)]y)) = (z|z)

104 (((z]2)|y)|=) = ($|x)

107,106 ((z]x)|(=[y)) =

108 $Ans(B_SS)

110,109 (((=[)|(y[2)I((x]y)(y]2))) = (((=[y)I(yl|2))]y)
112 (((ly)l(z[y))]x) = (z[y)

117,116 (((=[y)|(y[2)ly) = (yl((z[y)I(yl2)))

119,118 (((=[y)I(yl2)|((=|v)I(y]2))) = (wl((=|y)I(y]2)))
122 (=)l (z|2)[w)|(z|2)) = =

124 (Il [)]w)|(z]y)|(z]y)) = (zly)
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[818 — 1429,730,730]
[1253— 1439]
[1441— 1093,1442]
[1453 — 1457]
[729 — 1617]
[1618]
[1257 — 1151,730]
[729 — 1619]
[1656,5]
[729 - 1531]
[1531— 1093,1532]
[729 — 1583]
[1640— 1093,1641,1641]
[729 — 1710]
[1686— 1143,730]
[1758— 1151,730]
[1881— 1151,730]
[1846 — 2081]
[2011— 2089,10276,2012]
[10439]
[1846 — 10439]
[10467:10981]
[11000,1]

[
[
[
I

(@[w)DI(([((]2)]2))w)))) = = [76 — 76]

[76 — 76]

[76 — 80]

[80 — 80]

[76 — 82,77]
[86 — 86]

[86 — 82,87,87]
[88 — 84]

[92 — 76]

[78 — 80]

[78 — 96,79,79]
[76 — 96,77,77]
[90:99]

[98 — 98]

[98 — 102,99]
[106,2]

[76 — 102]

[98 — 106]

[76 — 104,110]
[109:117]

[112 — 100]
[106 — 100]



— -
N~ e~ oy 7o Y- S~ ol L
0.&..&2%0006W670.&_22022234846@.700858991800%86246889791
OO MO0 0MOBIIMOMNMATIINOGFTANNMONHARKEOND I VOV OINDOOOVOO0O0O0O AN
N — ™ —
TloN Tl T T T 1T ST 77712771111 IRT T 7T17 1117717171187 1%
N T NTNOOOT o INHOTOTO® QOOO  GFhNMNANTIN O OOW TANOOOON~—O
912343333a ™ e Yo I I To RS To M| 537729772H7 5] VODPVOIN~NDOOIDANY D
[[”__191111 — Ll P I I B I | 1111‘—”_ A I I | — — 111%1112111221
g2 i S = Saftddd dddfdggaesd 2 4 dad g dafddfddddadaa
(] N~ N~ ©O
T - T3 - T P
=, N ha T
N~ [ce}
— o
— N,
—~ -
= = ==
= = = =3
= 2 = s =
= = 5 2=
_— ~— —
= = = =
= ~ = B
Ty K2 X —=
= = Nt ==
I I I il
= = 2 23522 BEES
= = T 2R a= S
= = 2 2UT2E EERE:
— — —~ S _—
& = S = S = _EE =223
= = == =
= RN = 8 = — R DD == So o=
I 8 > > 3 = Sanss E2EE=Z/N
—~ ~=2 =3 = el = 2SS ZETCC—-R R
oy — = = 8
= == BE< === > w22m=3 ==
8 N DT - D D D= T~ = M~ N N — 82 —~
= > > ~ = =7 8= > EREREo o= RRERREN
s | | 5 &= === = R R I 2R,
Py 8§ = & — = > = S —~ = S==s="=== S>> 288
) N —~\ N~ ~~ 2 —_— === NN o~ =] 8 2 NNt e e e e
= 8 ~o D D= R D= = NN R —_=RN === 02 8 2 3 3 2 ==
s Igshsl _ T ssS=s=_ =553 3%+ S S = 2 o —no === —8 5
I SR=ED= Do 3R e S22z E8=E=—8o3 5@ n S22 22
SRR R S S T N R AR T SRR = A2 8 eI T ST 22 R R R EE
= DA TSl I =Ex=3s==mSn=—"=Sll =g S22l iIlhZIlh=mxm=x8 ===
M\l/\l/|\)‘\|/|( S S— = 2> 18 > \/W\) S RC=2=8 —~ I I R N B e e e L
D— 8 = =2=38 DR — D ——— WD === o o=l I 3= 3xll=Cr—2=2 =R
DD 8 =N =7 e TSN - = 8 [SEE SIS NN PEN N W NSNS NN — N e e s T e D
(\m(\z(\yl\/y: > > S -7 Q0 =T 8 —— RN NN RN — e D DR DDy ———— =0 <
I D N ——— & ™= 8 D D—— B D DD DIAID D DD T T T — DR — DD DD DDy
= ol D 8 o 2 R D ——— I 88— £ 88— o8 83— =" gL =8 &8 —/——/—/8 888 838gCcc¢c
— RO /8o 8 8 8 8 8 s oL o8 NN NN < T s T NN N SNSRI SN NN N
e e e e e e e e e e e e e e e e D e e e e e e e e e e e e e e e e e e e e e e e e e e R
© < © < o) To) Ip) o
I3Y m o™ < e N o)) o <
- = — — — — NN
NOQANWLNOONLONOAANTOODOANITLOONMOMNDNDNOOWONDNOATANISTNNOOONTOOONNODO A
NN ITITITITTITTDOOOUOOMOOOOORMNNNNMNNODONONND DDDDDNDNOOOOOAdTAdTANMM
e ] e e e e ] ] e e e e e A AT AN AN ANANANANNNNNN

Proof OL-Sh-sound
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4,3

13
15
20,19
22,21
23
25
27
28
30,29
31
32
34
44
45
48,47
50,49
55

60
68,67
76,75
79
88,87
91
95,94
96
100,99
113
115
166
178
180
184
213
221
267
269
340
391
810,809
1000
2382
2840,2839
3192
4965
20958
38024
38026

(@|((yl2)I(y]2))) = (yl((z]2)|(x]2))) 0
((z]z)|(zly)) = = 0
(z|(z]z)) =1 I
((((B]A[(AIC)[D)[(AI((AI((BIB)|B))|C))) # A | $Ans(OL_Sh) I
(@|(z]z)|y)) = (z|z) [3— 3]
((z]z),1) == [6 — 3]
(@ (@ @)D= (@ly)y))) = (x]y) [2— 3]
((z]z)]z) =1 [3 — 6]
(@|((y[2)|(ylz))) = (y|x) [3— 2]
((z]2)|((y[(z]2)|(yl(z]2)))) = (y|(z]z)) [3 — 2,4]
((((BIA)|(A|IC)|D)I(AI((A, 1)|C))) # A | $Ans(OL_Sh) [8:22]
(z,1) = (z|z) [3 — 15]
((z[y)](zly)) = ((z]y), 1) [2 — 15,20]
(z|z) = (x,1) [28]
((z[2)|((y[(]2)), 1)) = (yl(z|z)) [25:30]
(z|((ylz),1)) = (y|z) [23:30]
(z[((y]2), 1)) = (yl((z]2),1)) [2:30,30]
((z,1)]z) =1 [31 — 21]
((xvl)’l) =T [31—>15]
(@|((z, D]y)) = (z|z) [31 — 13]
((((B]A)[(A]C))|D)|(AlA)) # A | $Ans(OL_Sh) [27:50]
(zly) = (ylz) [45 — 32,30,48,48,30,48]
((zy)l(z|z)) = = [31 — 32,48,4]
(1(z,1)) == [47 — 60]
(zlx) = (1]z [28 — 60]
(Lz), 1) == [60 — 47]
((z]2)[(1(yl(2]2)))) = (yl(z]z)) [60 — 32]
((z]2)|(y|x)) = = [60 — 3]
((z]2)|((y|(2]2)), 1)) = (yl(z|2)) [60 — 32]
(1|(1z)) == [60 — 75]
(z|((zly), 1)) = (y|z) [60 — 34]
(z|y)l(z,1)) == [3 — 34,4]
((z[y)|(yly) =y [60 — 67]
(((@[y), DI((z]x), 1)) = (2[((z]y), 1)) [67 — 32,30,30]
(L2)[(y|z)) = = [79 — 94]
(([(l2)(z[(y]y)) = ((z|(yl2)), 1) [32 — 94,30,48]
(z[(y, 1)) = ((yly)|=) [15 — 44,48]
((z]z)]y) = (yl(z,1)) [213]
((z[(y, D)ly) = (y,1) [115 — 166]
((zy)|(Lly)) =y [79 — 166]
((((A[B)[(A]C))|D)|(AlA)) # A | $Ans(OL_Sh) [60 — 55]
((z[y)|(ylz)) = ((z]y), 1) [113 — 180,76]
((z[(yly)I(z](y]2))) = (L(z[(y]2))) [91 — 269,100]
((z[((yl2), 1)|(2]2)) = = [267 — 96,48,95]
((z[((yl2), ) [(z[y)) = ((z[y), 1) [178 — 267]
((z[(y[y)), 1) = (1|(z[(y, 1)) [221 — 391,810]
((z[(y[(z[w))[(L](y[(z,1)))) = (y[(z]2)) [184 — 1000,48,30,2840]
((DI((AIB)I(A|C)))|(AlA)) # A | $Ans(OL_Sh) [60 — 340]
((DI((AIB)[(A[C)))[(1]A)) # A | $Ans(OL-Sh) [79 — 4965]
(([((l2)[(Wlw)I(Ly) =y [2382— 3192,88,48,88,68]
$Ans(OL_Sh) [38024,20958]

69



3.5.2 A Single Axiom for Orthomodular Lattices

As intheOL case, we list three Otter proofs:

1. OML-Sh implies the join/complement bagiaJ, B1, DM, OM}.
2. OML-Sh implies the Sheffer stroke ba§ia_SS, BSS, OMSS}.
3. The Sheffer stroke bas{$\_SS, BSS, OMSS} implies OML-Sh.

The first two prove essentially the same theorem—either one is sufficient. For the first proof we have rewritten

goals B1 and OM to eliminate the meet operation; this allows a convenient forward proof.

Proof OML-Sh-jc

1 AV (BVC)#BV(AVC) | $Ans(AJ) 1
2 AVe(c(A)V B) # A | $Ans(Bl_rewritten) I
3 ANB # c(c(A)Ve(B)) | $Ans(DM) I
4 AV e(AVc(AV B))#£ AV B | $Ans(OM _rewritten) 1
5 (A|B) # c(A)Vc(B) | $Ans(DEF_SS) I
7 ()|l [w) [ (= ((yly)[)]2) =y Il
9 zVy = ((z[z)|(yly)) 0
10 ((zl2)|(yly) =z Vy [9]
12 Ay = ((z|y)|(z]y)) I
13 ((z[y)|(zly)) =z Ay [12]
15 c(z) = (z|z) I
17,16 (z|x) = c(x) [15]
19,18 c((zly)) =z Ay [13:17]
20 (c(x)le(y) =aVy [10:17,17]
22 (([»Il)W](YI((z](c(y)]2))]2)) =y [7:17]
30,29 cle(z))=aVa [16 — 20]
34 c(x) Ne(y) = c(z Vy) [20 — 18]
37,36 ez Vz)=clx)Vc(r) [29 — 29]
40 (c(x)|lyVy) =2z Vc(y) [29 — 20]
43,42 (xVzle(y)) =clz)Vy [29 — 20]
46 (((c(@)|(y)]2)|(]((y|(c(z)|y)]y))) = = [16 — 22]
48 ((((lc)y vV 2)[u)|[(c(y)|((c(2)]e(y) V 2)[c(2)))) = c(y) [20 — 22,30,43]
50 (eI (Ylew)ly)y)) =y [16 — 22]
52 ()| ((((z](c(@)]2)[2)[(c(@)[((z](c(z)|2))[2))I((2|(c(2)[2))]2)))) = = [22 — 22]
54 ((z Valy)|(z|(z|(c(z)|2))|2)) = = [16 — 22,17,30]
70 (xVz)Acly) =cle(z) Vy) [29 — 34]
83,82 (xVzlyVy) =clx)Vc(y) [29 — 40]
90 (@ Ve)|(y v ylz)|u)|(y Vyl((z](c(y) Ve(y)|2))]2) =y Vy [40 — 22,37]
136 (zVvz)A(yVy) =clc(z) Vely) [29 — 70]
158 (((e(x) Ve(z)|e(z) Vy)|2)|(z V z|((c(y)|(z Va) Vy)ely))) =z Ve [42— 46,37,37,43,30]
234 ((zle(y) A (y v 2)|(c)]((c(2)]e(y) V 2)|c(2)))) = c(y) [16 — 48,19]
306 (((@Ve@)le(y) vV ey)l)Iy Vyl(ly VyllyvVy) Ve)lyVy)) =y Vy

[40 — 50,37,37,83,30]
398 (c(@)|([((yl(c(z)|y)]y))) = = (52 — 46]
403,402 ((9)IWl((z](c(y)|2))]2)) =y (52 — 22]
451,450  aVa=u [398 — 398,403,17,17,30]
456 (c(@)|[(z|((c(y)]z V y)le(y)))) = = [20 — 398]
536 (((z v e)le))Wl((yly vV e)ly) =y [306:451,451,451,451,451,451]
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600
603,602
604
623
632,631
633
638

643,642
654

666
672
674

682

706
709,708
712

714
719,718
724

728

738

794

800
809,808
818

822
839,838
877,876
892

896
909,908
913,912
919,918
925,924
926

928

930

937

953

955
958,957
1017
1035
1037
1041
1051
1063
1085
1095

(((e(@)le(2) v y)l2)|([((c(y)]z V y)le())) =

[158:451,451,451,451]

x Ay =c(c(z) Vc(y)) [136:451,451]
$Ans(DM) [602,3]
(2 V () (512) ) 12l () 2))12))) = ¥ [90:451,451,451,451]
(z|ly) = e(z) V c(y [82:451,451]
$Ans(DEF_SS) [631,5]

cle(z) Vely)) Vele(z) Vele(e(z) Ve(z Ve(z))) Velx))) =
[54:451,632,632,30,451,632,632,632,632]
cle(x)) ==z [29:451]
(cle(@) Vy) VelyVz) Vely Vele(z Vele(y) Vz) Vz)) =cly)
[234:632,643,603,632,643,632,643,632,643,632,643]
c(e(e(z Ve(y)) Velely) Ve(2))) Ve(w) Vele(y) Ve(e(e(z) Ve(y V e(2))) V e(2))) =y
[623:632,632,632,632,643,632,632,632,632]
cle(z Ve(e(@) Vy)) Ve(z) Vele(z) Vele(y Vel Vy)) Vy)) =
[600:632,643,632,632,643,632,643,632,632]
cle(e(z Ve(y) Vy) Ve(z)) Vele(y) Velele(y) Vely Ve(y)) Vey)) =y
[536:632,643,632,632,632,632,632]

~—

xV c()c(ac) VelelyVe(xVy))Vy)) =z

[456:632,643,632,643,632,632,643]

cle(x) Vy) Vele(x) Vele(e(x) Ve(zVelx))) Ve(r))) = [642 — 638]
c(e(x) Vele(e(z) Ve(z Ve(x))) Veln))) = [450 — 638]
cle(r)Vy)y Ve =x [706:709]
clefc(zVely)Vy) Ve(z) Vy=y [674:709]
c(x Vy)Ve(r) =c(z) [642 — 712]
xV(zVy =xzVy [718 — 718,643,643,643]
) x [724 — 682]

[718 — 654,643,643,643]

(¢

) Ve(e(z) Ve(ele(y) Ve (y) == [718 — 666,643]
(e(z Ve(y)) Vele(y) Ve(z)) Vele(y) Ve(e(e(z) c(2))) Ve(z))) =y [682 — 666,643]
clxVvely)Vy=y [718 — 714,643]
xVe(e(x)VelxVy))=x [728:809]
clxVy)Vely) = cly) [642 — 808]
zV(yVe)=yVz [822 — 712,643]
cle(z) Vele(yVe(lxVy)Vy)) =x [808 — 672]
(c(xVe(y))Vele(y) Velz)Vy=y [800:877]
c((c(x)Vely)Vez) Ve = [794:877]
(xVele(x)Vy) Ve == [738:877]
(xVelyVe(r)Ve==x [838 — 908]
c(x) Ve(xVelex) Vy)) =clx Vele(zr) Vy)) [908 — 718]
c(x Ve(e(z) Vy)) = c(x) [642 — 818,919]
xVelyVe(lr) =x [912 — 818,719,643,913]

xVe(e(z)Vy) ==

[908 — 818,925,451,643,909]

$Ans(B1_rewritten) [928,2]
c(x) VelyVae)=c(r) [642 — 926]
c(x) Velx Vy) =c(z) [642 — 928]

(xVy)Vy=zVy [822 — 928,643]
(xVy)Ve=zxzVy [718 — 928,643]
c(e(x) Vy)Ve(z)) Ve = [642 — 896]
cle(x)Vy)Vz) Ve =z [642 — 1017]
c((xVy)Vz)Ve(x) =c(x) [642 — 1035]
c((xVvely)Vz)Vy=y [838 — 1035]
c(zV(c(y)Vz)Vy=y [838 — 1035]
cle(xVy)Vele(yVelxVy))Vy)) =z Vy [955 — 876]
clxV(yVve(z))Ve=z [838 — 1041]
clx VvV (yVz)Vely) =cly) [642 — 1051]
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1159
1161
1163
1165
1168,1167
1169
1200,1199
1258,1257
2405
2511
4760
5313,5312
5739,5738
6102
7373,7372
7594
7609
7611
17813
18921
19351

(c(xVelyV(zVu)Vu)V(yV(zVu)=yV(zVu)
(c(xVelyV(zVu)))Vz)V(yV(zvu)=yV(zVu)
(clzVellyVz)Vu)Vz)V((yVz)Vu)=(yVz)Vu
(c(zVe(lyvz)Vu)Vy) V(yVz)Vu)=(yVz)Vu
(c(xVvelyvz)Vz)V(yVvz)=yVz
(clxVelyve) vy V(yVvz)=yVz
((xvy)vVz)Ve=(zVy) Vz
xV(yVEVvz))=yV(@Vz
c(lzVelyVe)Ve=yVuz
c(lzVe(xVy)Ve=aVy
(zVy)V(@V(izVy)=zV(zVy)
(zVy)V(zV(yVvz)=aV(yVz)
(xVy)V((zVy)Va)=(zVy)Va
(xVy)V(yVvz)Va)=(yVz)Ve
(zVy)V(yve)=yVz

tNVy=yVzx

zVelxVe(lzVy)=xzVy

$Ans(OM _rewritten)
(xV(yvz)V(xVz)=xzV(yVz)
(zVy)V(yVa)V(zVyVvsz)=zV(yVz)
(zVy)v(zvy)V(zVy Ve)=(zVy Ve

19774,19773 ((x Vy)Vz)V(zVa)=(xVy) Vz

19779

xVy)V(zVy) =(EVy Ve
(zvVax)Vy
)V z

(

(

(

( ( =
20260 (xVy)V(zVa)=
20410,20409 (zVy) V(2 Vy) = (zVy
20422 (xVy)Vz=(yVvz)V(zVy)
20472,20471 (zVy)V(yVz) =z V (y V2)
20614,20613 (zVy)V (z2Vz)=(zVy)V z
20648 (xVy)Vz=(yVz)Vz
21300,21299 (x Vy)Vz=xV (y V 2)
22049 xV(yVz)=yV(zVz)
22050 $Ans(AJ)

Proof OML-Sh

1

2

3
77,76
78

80
83,82
85,84
87,86
88
91,90
92

94

96
99,98
100
102

A\(l(BIC)I(B C)))?T

CICNINN

8
=<
—=
e =

~— —

S

&/\

RN RN ===
8
N N e o R
e ey

B8 88
RIS SN SN N
EXEE =

NN AN AN AN N N N N N N N N N N N
~

=
=
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[1085— 892,643,643,643,643]
[1051— 892,643,643,643,643]
[1041— 892,643,643,643,643]
[1035— 892,643,643,643,643]
[822 — 892,643]
[718 — 892,643]
[1037 — 928,643]
[1095 — 712,643]
[1063— 937,643,1168,643]
[957 — 2405,958]
[953 — 1150,643]
[953 — 1161,643]
[937 — 1163,643]
[937 — 1165,643]
[937 — 1169,643]
[7372— 957,7373,7373]
[2511— 7594]
[7609,4]
[7594— 4760]
[5312 — 4760,5313]
[5738 — 5312,5739]
[7594 — 6102]
[19351:19774]
[7594 — 19779]
[7594— 19779]
[20260]
[18921:20410,1200]
[19773:20472]
[20422:20614]
[20648— 724,20614,20472]
[17813:21300,21300,839,1258]
[22049,1]

I

I

(

I

[76 — 76]
[76 — 78,77,77,77]
[80 — 80]
[82 — 80]
[84 — 84,85]
[78 — 84,85]
[84 — 82,85]
[84 — 80,85]
[84 — 78,85]
[84 — 82]
[84 — 86,83]
[96:99]

[90 — 90]
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205 (@) [(z]2)[((uly)](v]y))) = (]((uly)|(v]y))) [196 — 184,200,198,183]
215 (((z[y)](z[y))]2) = (=|((z|y)|(z]y))) [199 — 205]
216 (@|((y2)|(y]2))) = (yl((z]2)[(z|2))) [176 — 215]
217 $Ans(A_SS) [216,1]
Proof OML-Sh-sound

2 (@|((y2)|(y]2))) = (yl((z]2)[(z|2))) I
4,3 (z|z)|(z]y) = = I
5 (z](z|(z|y))) = (z|y) I
7 ((BlA)(AIC)ID)[(AI((CI((AlA)|C)IC))) # A | $Ans(OM L-Sh) 0
9.8 (@|((z]2)]y)) = (z|z) [3—3]
13,12 (@|((yl2)(y[x))) = (y|z) B—2]
14 ((z]2)[((yl(z[2)(yl(z]2)))) = (y|(z]z)) [B—24]
31,30 ((z|y)|(z]|x)) = [8—12,4,4]
33,32 (@|(y[(z|2))) = (z|z) [12— 8]
34 (@|(z|(ylz))) = (ylx) [12 — 5,13]
45,44 (@[ (=) 2)[I((z[y)|2)|y))) = (z[y) [2 — 30]
46 ((z[y)]((z]y)|z)) = = [30 — 5,31]
48 (((zly)l(z[y))]z) = (z]y) [30— 3]
50 ([ ((z](z]2))](z](z]x)))) = (=|(z]2)) [30 — 2,31]
99 ((z]z)ly) = (yl(z|z)) [32 — 14,33,4]
103 ((l(lDI(l(yly)) = ((z[(y[2)](z|(y]2))) [14 — 32]
117 (z|ly) = (y|x) [99 — 99,4,4]
127,126 (((z|y)|)|(z]y)) = = [46 — 117]
129,128 ((z|(y|x))|z) = (y|x) [34 — 117]
133 ((((BJA)|(A|C))|D)|(A]A)) # A | $Ans(OML_Sh) [7:129,9]
146,145 (@|((ylz)|(z]y))) = (y|z) [117 — 12]
197 ((z|y)|x)]z) = (z|y) [126 — 46]
199 (@) (=|(z|y)](z[(2]y)))) = (z[(z|z)) [126 — 2,127]
338,337 (@) |(y[=))]y) = (y|z) [117 — 48]
342,341 (@[ (ylz)[((z]y)|(y]z))) = (z|y) [145— 145,338,146]
366,365 (()I((z[(y[2)[(=](y]2)))) = (z[(z|y)) [337 — 14,342,338,342]
371 (z|(y|2)) = (z|(z]y)) [337 — 50,342,342,366,342]
376 ()] (z]y)|(z[y))) = (z]y) [44 — 50,45,45]
420 ((zly)|z) = (=|(y|z)) [117 — 371]
430 (@|(y[2)) = ((z]y)|=) [420]
596 ((z[y)l(z]w)) = ((y|z)[(ulz)) [420 — 430]
3288 ((((A|B)I(CIA)|D)|(A]A)) # A | $Ans(OML_Sh) [596 — 133]
8007 (| (yly)]2)|(z|(y]2))) = = [103 — 199,4,31]
8087 (@I(Y(z|y)]2)) =y [12 — 8007]
8651 (z|Y)(z|(((zy)|z)|2))) = = [197 — 8087]
12837,12836 ((z|(((z|y)|z)|2)|(y|z)) = « [420 — 8651]
15661 ((((z]y)|(z|x)|wW)|(z|z)) = = [12836— 376,12837,12837,12837]
15663 $Ans(OML_Sh) [15661,3288]

3.5.3 A Single Axiom for Modular Ortholattices

The proofs given in this subsection are all in terms of the Sheffer stroke. We have simplified the proof of

MOL-Sh=- {A_SS, BSS, ONESS, MODSS}
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by presenting it in two stages. First we pravéz|z) = y|(y|y), which allows us to introduce a constant we calll
“1” with the propertyz|(z|z) = 1. We use this in the second stage. The third proof is

{A_SS, BSS, ONESS, MODSS} = MOL-Sh

Proof MOL-Sh-partl

18,17

19

27

33

36,35

45

51

59

62,61
76,75

83

88,87
90,89

95

97
108,107
125

129

169

179

181

193
198,197
199

201

217
382,381
449
482,481
488,487
490,489
504,503
516,515
1107
1112,1111
1114,1113
1116,1115
1118,1117

(A[(A[A)) # ((B|B)|B) | $Ans(ONE_SS I
(@) I(((ylz)[2)[)y)[(y[u)) =y I
(@[l [l D) (((((]2)|z) [u)[u)[(y]2))]2)) = (y]2) [3—3]
(@Il ) I(((Yl2)2) [ (YY) [w) [(((((ylo)[w)[w)[y)[(y]w)) =y
[3—5,4,4,4,4,4]
(@I(((Yly)|2)1y) =y [3—7]
([ (=) |(((z|2)]2)|2))) = (((z]x)]2)[x) [9 — 9,10]
(=YI(yly) =y 9—9]
(= (W) [)y)ly) = (((yly)|=)|y) [9— 9]
(] (DIl Yl ((@]2) [u) |2) |(((]((2]2)|[w)|2))](y]2))]2) = (y]2) [9— 5]
(@Yl (((z]z)]2)|[2)[((([((z]2)][2)]2) )] (y|w)) =y [9— 3]
(@I ()2 9[(ylw))) =y [9— 3,18]
(((z]z)|y)|x) = (z|z) (11— 11,10]
(@I (Wl)IYl) =y [33:36]
(@Yl (@) ((@|(z]2)[v)|(y]2)) =y [27:36,36]
(] (DIl Yl @) [(((](2]2)|(y]2))]2)) = (y]2) [19:36,36]
((=|(wly)ly) = (yly) [17:36,36]
(z|y)(z|z)) = = [15 — 35,16]
((z|2)|(((z]z)|2)|(((z]2)[2)[(2]y)))) = = [35—3]
(@|((z]y)|(z|y))) = (z|y) [75 — 75]
(z|((yl2)|(y|2))) = (y|z) [15— 75]
(@Dl @) ) (((((y]2)][2) [u)|u)|[(y]2)]y)) = (y]z) [75— 3]
(@Yl Yl ((yl2)[9)(Y]2)) =y [75— 3]
((z|((2|z)|(z]) (=] (z|2)|(z]y)))) = = [35 — 45]
(|((z|z)|(z]y))) = (x|z) [45 — 15,108]
(@[22Il (yl2)]2) [(((z]2)]2)|(y]2))]2)) = (y]2) (61— 5]
(=Yl [2)[(((yl2)[2)]2)y)|(uly))) =y (89 — 3]
((@|2)|((yl(2]2) (] (@]2)[((yl(z]2)](yl(z]2)))]|2)|(z]2)))) = = [61 — 51,90]
(@|2)| (((z]2) [ ((((@]2) [ ((2|2)[y)|((]2)][y)]2)(2]2)))) = 2 [35 — 51,88]
(@ (DIl ) [(@|2) (2] (z]2))](y]2)|y) = (y]z) [75— 51]
((z]2)[(z|((z|2)]y))) = = [75 — 125,76]
(z[((z]2)[(ylz))) = (z[x) [89 — 125]
(@I((=lY)](=|y)|z)) = ((z]y)|(z|y)) [75 — 125]
(z|2)|(z[(yl(z|2)))) = = [89 — 197]
(z|2)|(((z]z)|2)|(((z]2)]2)[(y]2)))) = = (89 — 83]
(@[l DIl [l (Yl2)]2)] () [2)D((Yl2)]2)[(Y]2)]y) = (y]2) [75 — 95]
(((z|2)]2)(z|((z[2)|y))) ==  [97 — 59,76,90,16,76,90,16,76,90,16,16,198,62,76,76,90,16]
((@|(z|2)|((z]z)[(z|y))) = (z]z) [75 — 481,76]
(((z]z)|z)|(z](y|(z|2)))) = = [89 — 481]
((z|(z|2)|((z|z)|(y]x))) = (2|z) [75 — 489,76]
(@ DIEODI(=lY)](z]y)|z) = (z]y)[(z]y)) [75 — 487]
(z|(y|(z|x))) = (z|x) [217 — 193,76,76,490,16]
(((x|)|(x|y)]z) = (x]y) [201 — 193,516,76,62,76]
((z]|z)|(y|x)) = = [199 — 193,1112,504,76,36,76]
(z|((z]z)]y)) = (x|x) [197 — 193,1114,1112,1114,482,76]
((z|)|(z]y)) =« [125— 193,1112,488,1114,36,1114]
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1119

1824,1823
1830,1829
1834,1833
1835
1856,1855
1859
1886,1885
1899

1961
1964,1963
2005
2042,2041
2044,2043
2050,2049
2063
2255
2769
2770

~NOoO O~ WN

259
260

261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
279

(@ I((l2)[2)[9) )| (z]2)|(z|(z]2)))) = =
[169 — 193,1118,1118,1118,1118,1118,62,76,1118]

(((((@lz)2) [ )] (2 [((((z]z)|2)|y)|[y)|(z]2))) = (z]2) [1119— 1107,62]
(((((z|2)|2) ||y [(z]|x)) =« [1119— 179,1824,1824,76,1824,76,1824,76,1118]
(2] (z[2)|¥)|y)|z) = (z|x) [1117— 1829,1118]
((z[(2|2)|((z]2)[2)[((z]z)]2))) = ((z]z)|z) [1829— 1829]
((((((z[z)[2)[9) ) [(((z]2)]2)y)y)|z) = (z]2)]z)]y)]y) [1829— 1117]
((x]2)[((((z]2)|)|y)|y)) = = [1829— 1111,1830,1830]
(z|(((z](z]|2)|y)|y)) = (z]x) [1833— 1111,1834,1118,1834]
(2 (((((z]z)|2)|y) [ [ (((z]|2)[2)[(((z]2)[2)|y)y)|y) = (((z]z)]z)]y)]y)

[1859 — 129,1856]

(@|(((z|2)|2)|(((z|2)|z)|(z]2)|2))) = (z|z) [1835— 1885]
((((z]z)|2)[((z]2)]2)|((2|2)]|2)))|2) = (x]z) [1835— 1833]
(((z|2)|2)]|(((z]2)|2)|((z]2)|2))) = (z|z)|z) [1961— 449,1964,1964,1118,1964,382,1116,16]
(((l)|2)I(((zl2)]2)[y)|y) = (((z]z)]2)]((z]2)]x)) [2005— 1885]
(((]2)|2) [ ((2[x)]z) = (((z]z)]|2)[((z]|2)])) [2005— 1833]
(((z|2)|2)|((z]2)|z)|y) = (z]2)|z) [2005— 181,1886,88]
((((z]2)|=)|y)|y) = ((x]|z)|x) [1899:2042,2050,2044,90]
(((zlz)|2)|(yly) =y [2063— 15]
(zl(z|z)) = ((yly)ly) [2255— 2063]
$Ans(ONE_SS) [2769,1]
((yl2)|(((z]z)|2)[(((((z]y)[2)[2)|2)[(z|w)))) = = I
(z|(z]z)) = [
((z]z)|z) =1 0
(A[((BIO)(B|C))) # (BI((A|C)|(A|C))) | $Ans(A-SS) I
((AJA)[(A|B)) # A | $Ans(B_SS) 0
(A|(B[(A[(C]C)))) # (AI(C[(A[(B|B)))) | $Ans(MOD_SS) I
(zl(z|)) = (y|(yly)) [3—3]
(zl(z|z)) = ((yly)ly) [4—3]
(I ((Yl2) (YDl [2)[2D)[9) L))l [2)[((((Yly)]2)]2)]y)]
(YlW))IWI(ylv))) =y [2— 2]
([Nl (yl2) ) [(((((y]2)|2)[u)u)|(y]2)]2)) = (y]2) 2—-2]
((zy)|(yly) =y [260 — 260]
(@I(((YlY)|2)1y) =y [260 — 2]
(z|(z]|2)|(yly)) =y [259 — 262]
(=] (ylv)ly) = (yly) [262 — 262]
(((@|2) [yl (((yl2)] (y|2)|2)|(((z]2)]2)|(y]z)]2)) = (y]2) [262 — 261]
(((@]2)[(yl2 ) I((((yl2)[(y]2)[2)[(((z]2)][2)(y]2)[((y]z)|w))) = (y|z) [262 — 2]
((z|(z]z))]y) = (yly) [262 — 264]
(@Y (Y)Yl I((yl2)[9)](y]2)) =y [264 — 2]
(l|z) = (z]x) [4 — 265]
(([I(lly))ly) =y [265 — 262]
(([((lnl)y)ly) = (ly)]2)y) [263 — 263]
(= Wly)I(zl(yly)) = (yly) [262 — 271]
((z|z)|y)|z) = (z|z) [263 — 272]
((Lz)|y)|z) = (x|z) [270 — 274]
((zly)l(z|z)) = ((z]z)|(z|z)) [262 — 274]
((z]2)[(((z]z)|2)|(((2]z)]2)[(2]y)))) = = [274— 2]
((zly)|(z]z)) = = [262 — 276]
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2276 (((CIAJAD(BIA)O)C)AN(AID))(B|A)) # A | $Ans(MOL_Sh) [88 — 1728]
3039 ((l(yly)ly) = (yly) [35 — 192,25,36]
3306 ((CIA[AN(((CUBIANIC)A)(AID))(BIA)) # A | $Ans(MOL_Sh) [88 — 2276]
3457 (([([(yl2))|(ly) =y [88 — 226]
4471,4470  (((z[y)|(y[2))ly) = (|((yl2)|(z]y))) [3039— 302,4,4,4]
5717,5716  ((z[((y|2)|2))[(u|(1|(y|2)))) = (1|(z[((y|2)]2))) [335— 328,232]
6399 ((crAafcielBlANIAIAID))(BlA) # A | $Ans(MOL_Sh) [88 — 3306]
11420 (@] ((y|(z|y)|(x]|2))) = (z]2) [382 — 552,25,300,234]
12749 (| ((z|((z]y)|2))]z)) = = [382 — 570,177,300,234]
13756 (((ClAfAN[((AlCI(C(BIA)I(AID))(BIA)) # A | $Ans(MOL_Sh) [88 — 6399]
19707 ((CICAIADIAICLCBIANDIDIAN)(BIA)) # A | $Ans(MOL-Sh)  [88 — 13756]
21759,21758 ((x[y)|((=[(y[(x[y)))|y)) =y [88 — 1014]
24702,24701 (((z|y)|(y]2)), 1) = (y|((z|y)|(y]2))) [1109— 1147,4471,939,637]
26279,26278 (1|(z|((y|z)|(x]2)))) = ((y|z)|(x|2)) [1191— 362,24702,5717]
26698 ((CIAAN((DIA)(A[(C(CIBIA))N)I(BIA)) # A | $Ans(MOL_Sh)  [88 — 19707]
31493 ((DIDIA[CICBIANIC|(A|A)(BIA)) # A | $Ans(MOL_Sh)  [88 — 26698]
33323 (((DIAIAICICIBIANNICI(AIAN)[(A|B)) # A | $Ans(MOL-Sh)  [88 — 31493]
46866 (@|((y[(ylz))|(z]2))) = (z[2) [88 — 11420]
48054,48053 ((z|y)|((z|(z|(z|y))|z)) = « [88 — 12749]
51292,51291 ((=|y)|((z|(z|(z|y))|y)) = v [21758— 46866,21759]
51357 (||| El(xy)) =y [1022 — 46866,51292]
51361 ((z|Y)|(z|(z](z](z|y))))) = = [478 — 46866,48054]
65437,65436 ((z|(y|(y|(z]2)))|(z|2)) = = [51357— 51361,591]
97556 ((z|((y]2)|(z|lu))|(z]2)) = = [1166— 3457,26279]
97921,97920 (((z|y)|(y|2))|(ul(yly))) = (L[((y[2)](z[y))) [97556— 1673,4471]
98134 A# A | $Ans(MOL_Sh) [33323:97921,369,65437,207]
98135 $Ans(MOL_Sh) [98134,1]

4 The Computer Programs

See the primary paper [8].

5 Conclusion

See the primary paper [8].

References

[1] G. Gratzer.General Lattice TheoryBirkhauser Verlag, 2nd edition, 1998.
[2] G. Kalmbach.Orthomodular LatticesAcademic Press, New York, 1983.
[3] D. Kelly and R. Padmanabhan. Orthomodular lattices and congruence permutability. Preprint, 2003.
|

[4] W. McCune. MACE 2.0 Reference Manual and Guide. Tech. Memo ANL/MCS-TM-249, Mathematics and
Computer Science Division, Argonne National Laboratory, Argonne, IL, June 2001.

[5] W. McCune. Mace4 Reference Manual and Guide. Tech. Memo ANL/MCS-TM-263, Mathematics and
Computer Science Division, Argonne National Laboratory, Argonne, IL, August 2003.

83



[6] W. McCune. Otter 3.3 Reference Manual. Tech. Memo ANL/MCS-TM-263, Mathematics and Computer
Science Division, Argonne National Laboratory, Argonne, IL, August 2003.

[7] W. McCune and R. Padmanabhan. Single identities for lattice theory and for weakly associative lattices.
Algebra Universalis36(4):436—449, 1996.

[8] W. McCune, R. Padmanabhan, M. A. Rose, and R. Veroff. Short equational bases for ortholattices. Preprint
ANL/MCS-P1087-0903, Mathematics and Computer Science Division, Argonne National Laboratory, Ar-
gonne, IL, September 2003.

[9] W. McCune, R. Padmanabhan, M. A. Rose, and R. Veroff. Short equational bases for ortholattices: Web
support.http://www.mcs.anl.gov/"mccune/papers/olsax/ , 2003.

[10] W. McCune, R. Padmanabhan, and R. Veroff. Yet another single law for latddgebra Universalis To
appear.

[11] W. McCune and O. Shumsky. IVY: A preprocessor and proof checker for first-order logic. In M. Kaufmann,
P. Manolios, and J Moore, editor€omputer-Aided Reasoning: ACL2 Case Studibspter 16. Kluwer
Academic, 2000.

[12] W. McCune, R. Veroff, B. Fitelson, K. Harris, A. Feist, and L. Wos. Short single axioms for Boolean algebra.
J. Automated Reasoning9(1):1-16, 2002.

[13] C. A. Meredith and A. N. Prior. Equational logidlotre Dame J. Formal Logj®:212-226, 1968.

[14] R. Padmanabhan. Equational theory of algebras with a majority polynoiigbra Universalis7(2):273—
275, 1977.

[15] R. Padmanabhan and R. W. Quackenbush. Equational theories of algebras with distributive congruences.
Proc. AMS 41(2):373-377, 1973.

[16] M. Pavkic and N. Megill. Non-orthomodular models for both standard quantum logic and standard classical
logic: Repercussions for quantum computéislv. Phys. Acta72(3):189-210, 1999.

[17] G. Sutcliffe, C. Suttner, and F. J. Pelletier. The IJCAR ATP system competiliohutomated Reasoning
28(3):307-320, 2002.

[18] G. Szpiro. Mathematics: Does the proof stack iéture 242:12-13, July 2003.

[19] A. Tarski. Ein Beitrag zur Axiomatik der Abelschen Gruppdfundamenta Mathematica80:253-256,
1938.

[20] R. Veroff. A shortest 2-basis for Boolean algebra in terms of the Sheffer stibkautomated Reasoning
To appear.

[21] R. Veroff. Using hints to increase the effectiveness of an automated reasoning program: Case tudies.
Automated Reasonin6(3):223-239, 1996.

[22] R. Veroff. Solving open questions and other challenge problems using proof skefcifegomated Rea-
soning 27(2):157-174, 2001.

Authors’ Addresses

William McCune

Mathematics and Computer Science Division
Argonne National Laboratory

Argonne, IL 60439

84



R. Padmanabhan
Department of Mathematics
University of Manitoba
Winnipeg R3T 2N2
CANADA

Michael A. Rose

Department of Mathematics
University of Wisconsin-Madison
Madison, WI 53706

Robert Veroff

Department of Computer Science
University of New Mexico
Albuquerque, NM 87131

85



